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1 .  INTRODUCTION. One might a s k o  Why a paper on nonl inear  f l i g h t  
dynamics a t  t h i s  conference? There are a t  least two ways t h a t  t h i s  con- 
f e rence ,  w i th  i ts  focus  on nonl inear  problems i n  c o n t r o l  and f l u i d  dynam- ' 
ics, can be viewed. The f i r s t  involves  t h e  b a s i c  commonality of nonl inear  
problems i n  c o n t r o l  and f l u i d  dynamics, p a r t i c u l a r l y  i n  t h e i r  underlying 
mathematical  s t r u c t u r e .  The second concerns i t s e l f  w i th  p o t e n t i a l  
sources  of nonl inear  problems a r i s i n g  i n  c o n t r o l l i n g  a f l i g h t  system 
dominated by non l inea r  fluid-dynamic f o r c e s  and moments. It is  w i t h  t h e  
la t ter  ques t ion9  and i t s  d e s c r i p t i o n  i n  b o t h  phys ica l  and mathematical  
terms, that t h i s  paper dea ls .  I t  should b e  noted t h a t  t he  mathematical  
approach taken,  which emphasizes t h e  q u a l i t a t i v e  f e a t u r e s  of t he  problem, 
is not  t h e  t r a d i t i o n a l  one of t h e  aerodynamics community. F ina l ly ,  t h e  
mathematical expos i t i on  i s  no t  intended t o  be f u l l y  r igorous  but  r a t h e r ,  
t o  be d e s c r i p t i v e ,  i n d i c a t i n g  p o s s i b i l i t i e s  and d i r e c t i o n s  f o r  f u t u r e  
research  e 
\ 
The p a p e r  i s  divided i n t o  t h r e e  p a r t s :  (1) a b r i e f  formulat ion of 
f l i g h t  dynamics i s  presented i n  Sec, 2 t o  provide a framework f o r  t h e  
aerodynamic system t o  b e  con t ro l l ed ;  ( 2 )  a broad d e s c r i p t i o n  of t h e  
source  and n a t u r e  of aerodynamic phenomena t h a t  g ive  rise t o  t h e  nonl inear  
f o r c e s  and moments a c t i n g  on a f l i g h t  v e h i c l e ,  and a d i scuss ion  of the 
underlying mathematical  s t r u c t u r e  are presented i n  See. 3; and ( 3 )  i l l u s -  
t r a t i o n s  of how these  nonl inear  fo rces  and moments manifest  themselves 
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i n  t h e  f l igh t -dyn  c behavior  are presented i n  Sec. 4* This work 
u t i l i z e s  t h e  concepts  of mathematical  modeling of  nonl inear  aerodynamics 
summarized i n  t h e  paper by Tobak e t  a l .  [I . ]  i n  t h i s  conference 
proceedings e 
2, F O ~ ~ T I O ~  OF FLIGHT D ~ ~ ~ C S ~  F l i g h t  amics is  the  f i e l d  
of r e sea rch  concerned wi th  t h e  dynamical behavior  of v e h i c l e s  i n  f l i g h t ,  
I t  is t h e  r e s u l t a n t  of t h e  i n t e r a c t i o n  of fou r  systems. The two most 
b a s i c  are t h e  i n e r t i a l  system of t h e  v e h i c l e  and t h e  aerodynamic system 
a c t i n g  on t h e  veh ic l e .  Two a d d i t i o n a l  systems are the  deformational  
c h a r a c t e r i s t i c s  of t h e  v e h i c l e  and a c o n t r o l  system, The var ious  levels 
a t  which t h e  systems may i n t e r a c t  are shown i n  Fig. 1 .  A t  t h e  s i m p l e s t  
level w e  have t h e  f r e e  f l i g h t  of a r i g i d  body i n  which t h e  i n t e r a c t i o n  i s  
between t h e  i n e r t i a l  and aerodynamic systems. The c o n t r o l  system i n t e r -  
venes t o  modulate t h e  i n t e r a c t i o n  between t h e  i n e r t i a l  and aerodynamic 
system so  as t o  b r i n g  about a d e s i r e d  f l i g h t  behavior.  For veh ic l e s  
t h a t  are undergoing deformation r e s u l t i n g  from, say,  some e las t ic  o r  
n o n e l a s t i c  response t o  the  vary ing  i n e r t i a l  and aerodynamic loads ,  o r  
t h a t  are undergoing a shape change because of a b l a t i o n ,  the  a d d i t i o n a l  
system t o  account f o r  this must be  considered,  as shown i n  the  lower 
po r t ion  of Fig. 1. This new system requ i r e s  a more soph i s t i ca t ed  c o n t r o l  
system t o  a r r i v e  a t  a des i red  f l i g h t  behavior .  An example problem i s  
t h e  a l l e v i a t i o n  of loads caused by gus ts  which involves  an o v e r a l l  aero- 
s e rvo -e l a s t i c  system- For t h e  sake of s i m p l i c i t y ,  w e  will confine our  
d i scuss ion  t o  t h e  i n e r t i a l  and aerodynamic systems, 
From a system s tandpoin t ,  t h e  c lose  coupl ing between the  i n e r t i a l  
system and the  aerodynamic system i s  shown i n  t h e  block diagram of Fig.  2 .  
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The i n e r t i a l  system provides t h e  body o r i e n t a t i o n ,  t h a t . i s ,  boundary 
cond i t ions9  t o  t h e  aerodynamic system. The aerodynamic system, i n  turng 
provides  the  f o r c e s  and moments t o  t h e  i n e r t i a l  system, The output  of 
t h i s  i n t e r a c t i o n  i s  bo th  t h e  aerodynamic response ( fo rces ,  moments, and 
flow f i e l d )  and t h e  v e h i c l e  motion h i s to ry .  The i n e r t i a l  system f o r  a 
r i g i d  body has s i x  degrees  of freedom: t h r e e  of r o t a t i o n  and t h r e e  of 
t r a n s l a t i o n .  The equat ions of motion ( i n  genera l  s i x  func t iona l -  
d i f f e r e n t i a l  equat ions)  i n  a body-fixed coord ina te  system are 
1 
and 
-h -f 
where m i s  t h e  v e h i c l e  mass, v i s  the  v e l o c i t y  vec to r ,  R is the 
angular  v e l o c i t y  v e c t o r ,  and I i s  the  moment of i n e r t i a  tensor .  I n  
these  equat ions ( ) t  
and 5 i s  a dummy t i m e  va r i ab le .  There are normally t h r e e  sets of 
app l i ed  genera l ized  fo rces  and moments: those due t o  aerodynamics, f 
and f , t h r u s t ,  
t i o n a l  forces  are normally simple func t ions  e However, t h e  aerodynamic 
impl ies  d i f f e r e n t i a t i o n  wi th  respec t  t o  t i m e  ( t ) ,  
a1 
and f , and g r a v i t y ,  f . The t h r u s t  and gravi ta -  
f T l  T2 g a2 
f o r c e s  and moments ( f  and f ) are func t iona l s  
t h e i r  ins tan taneous  values  depend on the  h i s t o r y  
al a2 
This  func t iona l  dependence i s  ind ica t ed  i n  ( 2 . 1 )  
b racke t  not a t  i on. 
r a t h e r  than  func t ions ;  
of t he  v e h i c l e ' s  motion. 
and (2 .2)  by t h e  square  
The aerodynamic fo rce  and moment system, which c o n s t i t u t e s  the  
major source of n o n l i n e a r i t y ,  is now considered i n  more d e t a i l .  The 
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equat ions  governing t h e  motion of a compressible vlscous f l u i d  are a set 
of nonl inear  p a r t i a l  d i f f e r e n t i a l  equat ions,  
be expressed as 
In vec to r  form they  can 
, p w  - T ~ ~ , P U ~  - GX - uxxu - T ~ ~ V  - T w l 3 XZ F~ = [pu,puu - uxx,puv - r XY 
- T  u - u  V - T  w l s  
Xy YY Y= GT = [pv,puv - T , p w  - u yy3  P v w  - T Y Z m  - qy X y  
rn \ 
H' = [pw,puw - ~ ~ ~ ~ p u w  - T ,PWW - uZZ,pwe  - iz - T u - T v - u W I  
YZ XZ YZ z z  
and where p is t h e  f l u i d  d e n s i t y ,  u, v ,  and w are v e l o c i t y  components, 
and e i s  the  i n t e r n a l  energy. The stress t e n s o r  (u 's and T'S) has 
been l e f t  unspec i f ied .  In t h e i r  most genera l  form t h e  stress tensor  
components would involve  the  p re s su re  and t h e  molecular v i s c o s i t y  of t h e  
f l u i d .  When t h e  stress tensor  i s  w r i t t e n  i n  t h i s  form, t h e  equat ions 
a r e  t h e  f u l l  Navier-Stokes equat ions  which are s a i d  t o  govern the  flow 
f i e l d  surrounding t h e  veh ic l e  and g ive  rise t o  t h e  nonl inear  aerodynamic 
behavior  t h a t  w e  w i l l  de sc r ibe  i n  t h e  next s ec t ion .  A t  t h e  present t i m e ,  
t h e  f u l l  equat ions cannot be so lved ,  even wi th  t h e  l a r g e s t  a v a i l a b l e  
computers, f o r  p rac t ica l  aerodynamic problems involving even simple 
geometries.  Hence, va r ious  approximations are normally employed. For 
i n v i s c i d  problems, dropping the  stress t enso r  y i e l d s  t h e  nonl inear  Euler 
equat ions ,  f o r  which a wide range of so lu t ions  have been obtained.  On 
t h e  o t h e r  hand, f o r  v i scous  problems, performing some form of averaging 
on t h e  f u l l  equat ions removes t h e  complexi t ies  t h a t  occur a t  high 
Reynolds numbers. These d i f f e r e n t  approximations have var ious  domains 
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of v a l i d i t y ;  however, i t  is  not  our purpose he re  t o  cons ider  t h e  governing 
equat ions  themselves b u t  t o  d i s c u s s  the nonl inear  aerodynamic flows that 
are t h e i r  r e s u l t ,  Before leav ing  t h e  fluid-dynamic system, w e  should 
no te  t h a t  the  boundary condi t ions  needed f o r  t h i s  system are those  of no 
flow through t h e  v e h i c l e  s u r f a c e  and ( f o r  t h e  f u l l  equat ions)  no s l i p  a t  
t h e  su r face ,  and that a l l  d is turbances  produced a t  the  s u r f a c e  decay a t  
l a r g e  d i s t a n c e s  from the  veh ic l e .  The boundary condi t ions  couple t h e  
aerodynamic system t o  t h e  i n e r t i a l  system. 
To conclude, w e  reiterate that t h e  o v e r a l l  system ( i n e r t i a l  p lus  
aerodynamic) i s  coupled and complex. A system of t h i s  complexity is  v e r y  
d i f f i c u l t  t o  ana lyze  i n  f u l l  g e n e r a l i t y ,  except through f u l l  s imula t ion  
which makes t h e  problem one of empi r i ca l ly  v a l i d a t i n g  guesses. To sim- 
p l i f y  t h e  s tudy of f l i g h t  dynamics and c o n t r o l ,  a way i s  needed t o  
uncouple the  two systems. This can b e  achieved by modeling t h e  aerody- 
namic forces  and moments so that they depend on only a f i n i t e  number of 
parameters, r a t h e r  than  on tIie e n t i r e  motion h i s t o r y .  The b a s i c  concepts 
underlying aerodynamic mathematical modeling are  descr ibed i n  the  com- 
panion paper t o  this one [ l ] .  However, a real is t ic  mathematical  model 
cannot be achieved without  a f i r m  idea  of t h e  forms of nonl inear  aerody- 
namic phenomena t h a t  need t o  be acknowledged w i t h i n  i t .  Nonlinear aero- 
dynamics is t h e  sub jec t  t o  which w e  now turn .  
3 .  NONLINEAR AERODYNAMICS. I n  t h i s  s e c t i o n  the  fluid-dynamic 
phenomena t h a t  g ive  rise t o  nonl inear  aerodynamic fo rces  and moments w i l l  
be  examined. A framework f o r  c l a s s i f y i n g  and s tudying these  phenomena 
w i l l  be presented.  The framework must be s u f f i c i e n t l y  broad t o  cap tu re  
a l l  e s s e n t i a l  f e a t u r e s  and thereby a c t  as a guide i n  t h e  mathematical  
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modeling of t h e  aerodynamic f o r c e s  and moments f o r  f l i g h t  dynamics analy- 
s is  and s imula t icn ,  The framework will c o n s i s t  of both an observa t iona l  
component and a complementary mathematical  camponent. 
F i r s t  howevero w e  give a b r i e f  d e s c r i p t i o n  of a simple aerodynamic 
flow problem t h a t  i l l u s t r a t e s  some of t he  important  flow phenomena from 
which t h e  r e s u l t i n g  nonl inear  aerodynamic f o r c e s  and moments o r ig ina t e .  
The flow considered i s  t h a t  about  a pointed body of r evo lu t ion  wi th  a 
tangent-ogive t i p .  A s  shown i n  Fig.  3 ,  t h e  body i s  immersed i n  a water 
tunne l  and dye i s  i n j e c t e d  a t  va r ious  p o i n t s  a long t h e  s i d e  meridians [ 2 ] .  
I n  t h e  upper l e f t  ( a  = 25"), a l t e r n a t i n g  c o l o r s  of dye have been i n j e c t e d  
i n t o  the  su r face  flow on t h e  f ac ing  meridian.  The dye streaks l i f t  o f f  
t he  su r face  and r o l l  up around each o t h e r  t o  form a v o r t i c a l  s t r u c t u r e  
as they  move downstream. A similar mirror-symmetric pattern forms on 
t h e  oppos i te  s i d e .  This i s  t h e  classic three-dimensional s epa ra t ion  and 
rol l -up i n t o  a p a i r  of symmetrical v o r t i c e s  t h a t  occurs  on a l l  pointed 
s l ende r  bodies  and d e l t a  wings a t  l o w  to  moderate angles  of a t t ack .  A t  
lower angles  of a t t a c k  (not shown) t h e  dye s t r e a k s  would remain in t he  
v iscous  l a y e r  nea r  t h e  sur face .  They would flow around t h e  body while 
moving downstream and pass of f  t he  rear of t h e  body. For a blunt-based 
body t h i s  would a l s o  be  a sepa ra t ion ,  but would not y i e l d  the  s t rong  
streamwise v o r t i c e s  evident  i n  Fig. 3 .  A s  t h e  angle  of a t t a c k  i s  increased  
t o  48" (upper r i g h t  photo) ,  a new flow s t r u c t u r e  is observed, Note now 
t h a t  dyes of d i f f e r e n t  co lo r  have been i n j e c t e d  along oppos i te  meridians 
( l i g h t  on fac ing  meridian,  dark  i n  background). 
body, t h e  s t r e a k s  of  dye have c o l l e c t e d  t o  form sets of al ternate co lo r s  
( s t a r t i n g  from t h e  t o p  they a r e  dark ,  l i g h t ,  dark,  l i g h t ,  dark,  l i g h t ) .  
Near t h e  rear of t h e  
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The dark ones are d i f f i c u l t  t o  see i n  photographic reproduct ions.  
v o r t e x  s t r u c t u r e  has  become asymmetric but  s t eady  (even a t  t h e  nose) and 
depa r t s  r ap id ly  from t h e  body, w h i l e  new v o r t i c e s  appear underneath. 
This is aga in  a well-recognized flow s t r u c t u r e  on s l ende r  bodies  and 
wings. It  i s  important  t o  no te  t h a t  a s t eady  asymmetric p a t t e r n  occurs ,  
even though both  t h e  body and t h e  boundary cond i t ions  are a x i a l l y  sym- 
metric. 
change i n  the  flow s t r u c t u r e .  Although t h e  flow pattern near  theenose 
s t i l l  appears t o  b e  asymmetric and s teady ,  t h e  flow i n  t h e  wake i s  
unsteady (smearing o r  apparent  breaking of dye s t r e a k s ) .  
more evident  a t  
i s  observed wi th  cons iderable  smearing of dye s t r e a k s  (some chao t i c  
s t r u c t u r e )  f a r  i n  t h e  wake. This  i s  the c l a s s i c  pe r iod ic  Karman v o r t e x  
street observed i n  t h e  wake of c i r c u l a r  cy l inde r s  i n  crossf low.  
The 
A t  somewhat h igher  angles  of a t t a c k  (a = 60") w e  see another  
The p a t t e r n  i s  
01 = 90" where a well-defined pe r iod ic  shedding of dye 
The v a r i a t i o n  wi th  angle  o f - a t t a c k  of t h e  normal-force c o e f f i c i e n t  
(d i r ec t ed  normal t o  the  body axis  and i n  the  plane of t h e  angle  of 
a t t a c k )  t h a t  occurs  on a similar body t e s t e d  i n  a wind tunnel  a t  va r ious  
Reynolds numbers is  shown i n  Fig.  4 (from [31) .  The progress ion  of flow 
s t r u c t u r e s  i s  ind ica t ed  ac ross  t h e  bottom of the  f igu re .  Exact po in t s  
where t h e  flow s t r u c t u r e s  change are not i n d i c a t e d ,  f o r  they depend on 
Reynolds number. The normal-force c o e f f i c i e n t s  shown rep resen t  mean 
va lues  when unsteady phenomena occur .  The type  of unsteadi i less ,  whether 
pe r iod ic  o r  c h a o t i c  ( ape r iod ic ) ,  i s  ind ica t ed  a t  t he  r i g h t  and is based 
on measurements on two-dimensional c i r c u l a r  cy l inde r s  i n  crossf low [ 4 ] .  
The uppermost curve (R = 0.35 x l o 6 )  i s  very s imilar  t o  t h a t  which would 
be  measured on t h e  body i l l u s t r a t e d  i n  Fig.  3 .  The normal-force 
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c o e f f i c i e n t  a t  ve ry  low angles  of  a t t a c k  (vortex-free f l o w  o r  a t tached  
flow) changes l i n e a r l y  and very  slowly wi th  inc reas ing  angle  of a t t ack .  
A t  t h e  onse t  of s e p a r a t i o n  and t h e  appearance of symmetric v o r t i c e s ,  
t h e  normal-force c o e f f i c i e n t  becomes a nonl inear  func t ion  of angle  of 
attack. These two flow regimes and t h e  r e s u l t i n g  normal f o r c e s  are 
f a i r l y  independent of Reynolds number. However, a t  higher  angles  of 
a t t a c k  (above 25"), where s teady  asymmetric vor t ex  s t r u c t u r e s  arise, 
number begins  t o  play a n  important r o l e ,  and the  n o n l i n e a r i t i e s  
become more exaggerated.  I t  should a l s o  be noted t h a t  t h e  onse t  of 
asymmetric flow a l s o  marks t h e  onse t  of a s i d e  fo rce  normal t o  t h e  plane 
of t h e  ang le  of a t t a c k  (not shown). It  i s  easier t o  understand the  
e f f e c t  of Reynolds number by examining t h e  f o r c e s  a t  an angle  of a t t a c k  
of 90".  A t  ct = g o " ,  t h e  v a r i a t i o n  of mean normal-force c o e f f i c i e n t  
w i t h  Reynolds number i s  e s s e n t i a l l y  t h e  same as t h a t  observed on two- 
dimensional c i r c u l a r  cy l inde r s  i n  crossf low.  
boundary-layer flow on the  body is  laminar, and sepa ra t ion  occurs a t  o r  
For R = 0.35 x lo6 , t h e  
forward of the  s i d e  meridians,  r e s u l t i n g  i n  a near-maximum va lue  of t h e  
mean normal force.  A t  t h i s  cond i t ion  t h e r e  i s  a very pronounced 
per iodic  vo r t ex  shedding i n  the  wake and a large-amplitude per iodic  fo rce  
component i n  both t h e  normal and s i d e  d i r e c t i o n s .  A s  t h e  Reynolds number 
i s  increased ,  t h e  wake flow becomes tu rbu len t ,  w i th  t h e  turbulence moving 
forward i n  the  wake toward t h e  sepa ra t ion  po in t s .  
t h e  sepa ra t ion  p o i n t s  move rearward, t h e  mean va lue  of t h e  normal fo rce  
Associated wi th  this, 
decreases  r a p i d l y ,  and the  pe r iod ic  na tu re  of t he  wake s t r u c t u r e  and 
unsteady forces  is replaced by a chao t i c  ( tu rbu len t )  behavior wi th  much 
smaller unpl i tude.  As the  Reynolds number i s  increased  f u r t h e r ,  beyond 
a 
R e  z 1 x l o 6 ,  t h e  mean va lue  of t h e  normal-force c o e f f i c i e n t  begins  t o  
increase aga in  and p e r i o d i c i t y  begins  t o  reassert i t s e l f ,  Under these  
cond i t ions ,  t h e  small-scale turbulence  has moved a'head of t h e  s e p a r a t i o n  
points. 
w e  see a very s t r o n g  i n t e r a c t i o n  of a pe r iod ic  t o  chao t i c  wake s t r u c t u r e  
w i t h  t h e  s teady  asymmetric vo r t ex  flow from t h e  body. 
t i o n  of flow over  pointed bodies  of r evo lu t ion  g ives  some i d e a  of t h e  
f low's  complexity,  b u t  a l s o  of i t s  ordered na ture .  
s t r u c t u r e s  r e s u l t i n g  i n  important n o n l i n e a r i t i e s  w i l l  b e  descr ibed  i n  
subsequent subsec t ions .  
A t  i n t e rmed ia t e  va lues  of t h e  angle  of a t t a c k  (3.5' < a < 6 0 ° ) ,  
This b r i e f  descr ip-  
Addi t iona l  flow 
3.1 A Framework. The d e s c r i p t i o n  of t h e  flow about t h e  pointed 
body of r evo lu t ion  shown i n  F ig .  3 i l l u s t r a t e s  four  e s s e n t i a l  elements cjf 
f l u i d  flows. The four  elements can be used t o  form an obse rva t iona l  
framework f o r  t h e  o rgan iza t ion  and study of  aerodynamic flows. We asso- 
c i a t e  t h e  f i r s t  element with t h e  f a c t  t h a t  t h e  flows have d e f i n i t e  
s t r u c t u r e .  I n  t h e  case shown i n  Fig. 3,  t h e  flow over t h e  body separa ted  
from t h e  s i d e s ,  and t h e  shee t s  of separated f low (flow w i t h  v o r t i c i t y )  
r o l l e d  up t o  form v o r t i c e s  i n  d i f f e r e n t  s teady  o r  unsteady conf igura t ions .  
We a s s o c i a t e  t h e  second element wi th  the  f a c t  t h a t  t he  s t r u c t u r e s  change 
i n  sys temat ic  ways as parameters are va r i ed  sys temat ica l ly .  In  the  case 
shown i n  Figs.  3 and 4 ,  changes i n  two parameters, namely, angle  of 
a t t a c k  and Reynolds number, r e s u l t e d  i n  s e v e r a l  changes i n  s t r u c t u r e .  
The thirdjelemenr is i n  r e a l i t y  a s soc ia t ed  wi th  s t r u c t u r e ,  bu t  i t s  impor- 
t ance  i n  aerodynamics and i t s  seemingly incomprehensible n a t u r e  sets i t  
a p a r t ;  i t  is  chaos o r  turbulence.  I n  Fig.  3 ,  w e  s a w  the  flow change 
through a series of  well-defined s teady  s t r u c t u r e s  to  a pe r iod ic  flow 
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s t r u c t u r e  and f i n a l l y  t o  chao t i c  flow. The f o u r t h  and f i n a l  element i s  
a s s o c i a t e d  wi th  t h e  scale of t h e  S t r u c t u r e s  w e  observe. In Fig. 3 w e  
were ab le  t o  see only  one or two scales. However, o t h e r  scales, such as 
boundary-layer t h i c k n e s s ,  were present  bu t  were no t  d e t e c t a b l e  wi th  t h e  
mode of observa t ion  used. The presence of small-scale phenomena o r  tur- 
bulence i n t e r a c t i n g  w i t h  la rge-sca le  separa ted  s t r u c t u r e s  accounts  f o r  
t h e  r ap id  reduct ion  in-normal-force c o e f f i c i e n t  w i t h  Reynolds number 
i n c r e a s e  a t  a = 90" i n  Fig. 4 .  The four  elements - structure, change, 
chaos,  and scale -would provide no more than  a taxonomy f o r  organizing 
f luid-f low informat ion  i f  t h e r e  w e r e  n o t  a l s o  a mathematical  component 
t o  complement t h e  obse rva t iona l  one. We now cons ider  t h e  complementary 
mathematical  framework. 
A mathematical  framework i s  requi red  t o  provide a r igorous  and sys- 
tematic backbone t o  t h e  obse rva t iona l  material t h a t  i s  a v a i l a b l e  i n  t h e  
s tudy OS f l u i d  flows. The s t r u c t u r e  of f l u i d  flows can be  descr ibed  by 
means of the  topology of c r i t i c a l  ( s ingu la r )  po in t s  of t h e  flow. 
Research i n  t h i s  d i r e c t i o n  w a s  o r i g i n a t e d  i n  t h e  1950s by Legendre i n  
France [ 5 , 6 ]  and has been pursued by s e v e r a l  o t h e r  research  groups i n  
Europe and i n  t h e  United S t a t e s  ( e .g , ,  [ 7 - 9 1 ) .  Changes i n  t h e  flow 
/ 
s t r u c t u r e s  can b e  descr ibed i n  t h e  contex t  of b i f u r c a t i o n  theory.  Bifur- 
c a t i o n  theory  has been used ex tens ive ly  i n  t h e  s tudy of s e v e r a l  bounded 
fluid-flow problems ( e .g . ,  [ l o ] ) .  Recently,  some of the  concepts  involved 
have been used t o  desc r ibe  changes i n  e x t e r n a l  aerodynamic flows, pr in-  
c i p a l l y  by Tobak and Peake (e.  g . ,  [ 8 ] )  a As noted i n  t h e  d i scuss ion  of 
t h e  obse rva t iona l  framework, some changes (b i fu rca t ions )  lead t o  chao t i c  
o r  tu rbulen t  f lows, and indeed i t  is known t h a t  b i f u r c a t i o n  i n  even 
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simple systems can l ead  t o  bounded ape r iod ic  s o l u t i o n s  which, a l though 
d e t e r m i n i s t i c ,  have chao t i c  p r o p e r t i e s  that are similar t o  those  of 
turbulence.  This s p e c i a l  class of chao t i c  s o l u t i o n s  ( s t r u c t u r e s )  i s  
cha rac t e r i zed  by the ex i s t ence  of w h a t  have been c a l l e d  s t r a n g e  a t t r a c t o r s .  
S t r ange -a t t r ac to r  behavior  as a poss ib l e  proper ty  of tu rbulence  w i l l  b e  
discussed.  Some of t h e  p r o p e r t i e s  of tu rbulence  w i l l  a l s o  be descr ibed  
by means of t h e  i d e a  of f r a c t a l s ,  an  i d e a  which i n  a sense desc r ibes  a 
proper ty  of a s t r a n g e  a t t r a c t o r .  The s t r ange -a t t r ac to r  behavior  w a s  
f i r s t  repor ted  by t h e  meteoro logis t  Lorknz [ l l ]  and w a s  f i r s t  posed as a 
model f o r  tu rbulence  by Ruel le  and Takens (121. 
of turbulence have been put forward by Mandelbrot (e .g . ,  [13] ) .  F i n a l l y ,  
t h e  scales of t h e  flow s t r u c t u r e s  w i l l  be d i scussed  i n  t h e  contex t  of 
some group theory  i d e a s .  Many of t h e  s c a l i n g  concepts ,  such  as dimen- 
s i o n a l  a n a l y s i s  [ 141, and s i m i l a r i t y  exeinplified i n  t h e  d e s c r i p t i o n  
of t h e  Blas ius  laminar  boundary l a y e r  (e .g . ,  [15 ] ) ,  are group p r o p e r t i e s  
of t h e  equat ions desc r ib ing  t h e  corresponding f l u i d  flows and have been 
ex tan t  f o r  many years .  
The f r a c t a l  p r o p e r t i e s  
I n  t h e  fol lowing four  subsec t ions ,  each of t he  four  elements of t h e  
observa t iona l  and mathematical  framework i s  descr ibed.  Each subsec t ion ,  
w i t h  t h e  except ion of t h a t  concerned wi th  chaos,  begins wi th  a d e s c r i p t i o n  
of the  underlying mathematical  i deas .  These mathematical  concepts a r e  
then r e l a t e d  t o  t h e  observa t ions .  However, because of t h e  n a t u r e  of  
chaos and our  poorer  understanding of i t s  c h a r a c t e r ,  t h a t  s e c t i o n  starts 
wi th  a d e s c r i p t i o n  of the  observa t ions  and t h e i r  importance t o  aerody- 
namics. A s  noted i n  t h e  In t roduc t ion ,  t h e  mathematical  d e s c r i p t i o n s  
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t h a t  w i l l  be given are intended t o  be d e s c r i p t i v e  r a t h e r  than r igorous8  
t o  i l l u s t r a t e  p o s s i b i l i t i e s  and d i r e c t i o n s  f o r  research.  
3 . 2  St ruc tu re :  The Topology of C r i t i c a l  Poin ts .  
taken he re  i s  that t h e  important f e a t u r e s  of f l u i d  flows can be descr ibed 
by a f i n i t e  number of cr i t ical  ( s ingu la r )  p o i n t s  which must conform t o  
summation ru l e s .  
The point  of v i e w  
The a p p l i c a t i o n  of t h e  topology of cr i t ical  po in t s  i n  
f l u i d  flows w a s  f i r s t  introduced sys t ema t i ca l ly  by Legendre [ 5 ]  i n  t h e  
mid-1950s and has been pursued ex t sns ive ly  i n  recent  years by s e v e r a l  
groups of i n v e s t i g a t o r s  (e .g . ,  [7-91). We conf ine  our d i scuss ion  t o  
flows t h a t  are s teady  i n  the  mean and, i n  t h e  fol lowing,  t o  two-dimensional 
s e c t i o n s  of t h e  s teady  three-dimensional flow f i e l d .  On any such s e c t i o n ,  
a c r i t i c a l  point  i s  a point  (xo,  yo) where the v e l o c i t y  i n  t h e  s e c t i o n  
i s  zero ,  t ha t  i s ,  
) = o .  
d t  
I f  w e  now expand the  v e l o c i t y  (u ,v> about t he  c r i t i c a l  point  (xo,yo) and 
r e t a i n  only f i r s t - o r d e r  terms, w e  get  the  following: 
and 
u = ax + by = 0 
v = c x + d y = O ,  
where, no te ,  x and y have been taken as zero (by an appropr i a t e  trans- 
l a t i o n  of axes i f  necessary) .  
0 0 
A per tu rba t ion  a n a l y s i s  about t h i s  point  
(xo = 0 ,  Yo = 0) y i e l d s  the  s t r u c t u r e  of t h e  l o c a l  flow, that is, 
where 
r2 + m-r + DET = o , 
TR = a + b and DET = ad - bc . ( 3 . 3 )  
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The n a t u r e  of t h e  eigenvalues  ( r )  y i e l d s  the  n a t u r e  of t h e  l o c a l  flow 
s t r u c t u r e ,  The v a r i o u s  p o s s i b i l i t i e s  are shown i n  Fig. 5. When the  
eigenvalues  are b o t h  real bu t  of oppos i t e  si@ (DET < O), t h e  flow s t ruc -  
t u r e  con ta ins  a s a d d l e  poin t .  
t h e  same sign (DET > O), t h e  flow f e a t u r e  i s  a r egu la r  node. 
f r i c t i o n  l i n e  p a t t e r n  on t h e  s u r f a c e ,  a r egu la r  node r e p r e s e n t s  a po in t  
of a t tachdent  (TR < 0 )  o r  a p o i n t  of s epa ra t ion  (TR > 0).  I f  t h e  eigen- 
va lues  are complex, s p i r a l  nodes r e s u l t ,  o r  i n  t h e  pure imaginary case, 
c e n t e r s  r e s u l t .  S p i r a l  nodes o r  cen te r s  u sua l ly  s i g n a l  t h e  presence of 
v o r t i c e s  i n  t h e  flow. When a c r i t i c a l  po in t  i n  a s e c t i o n  i s  adjacent  
t o  a s o l i d  s u r f a c e  it w i l l  be  one-sided ( sadd le s  and regular nodes only)  
and w i l l  be c a l l e d  a half-saddle  o r  half-node. 
When t h e  eigenvalues  are both  real and of 
I n  the  skin-  
When several i s o l a t e d  c r i t i ca l  p o i n t s  occur  i n  a flow s e c t i o n  o r  i n  
t h e  s k i n - f r i c t i o n  l i n e  pattern on a body, t h e  assumption of a continuous 
v e c t o r  f i e l d  r e q u i r e s  t h a t  they  conform t o  topo log ica l  summation ru l e s .  
There are t h r e e  s u r f a c e s  on which these  summation r u l e s  governing t h e  
c o l l e c t i o n  of i s o l a t e d  c r i t i c a l  po in t s  are of p a r t i c u l a r  i n t e r e s t .  The 
f irst  is t h e  s u r f a c e  of a three-dimensional,  simply connected s o l i d  body. 
Here t h e  nodes ( N )  and saddles  ( S )  i n  t he  s k i n - f r i c t i o n  l i n e  p a t t e r n  must 
add up as 
N -  s = 2 .  ( 3 . 4 )  
This  is t h e  c l a s s i c  topology f o r  bodies t h a t  can be formed from deforma- 
t i o n s  of a sphere.  The next  s u r f a c e  of i n t e r e s t  i s  t h a t  of a s o l i d  body 
mounted on the  w a l l  of a wind tunnel .  Since t h e  wind tunnel  can be con- 
s idered  as a c losed  to rus  ( t h e  body mounted on t h e  w a l l  does not  change 
t h e  topo log ica l  c l a s s )  t h e  summation r u l e  i s  
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N -  s = o .  ( 3 . 5 )  
The f i n a l  s u r f a c e  of in terest  i s  a p lane  t h a t  c u t s  a s o l i d  three-  
dimensional body, 
t h e  i n t e r s e c t i o n  w i t h  t h e  s u r f a c e  where they  are half-nodes or ha l f -  
saddles .  This plane  belongs t o  t h e  class of t opo log ica l  s u r f a c e s  formed 
from a t o r u s  w i t h  a spoke ac ross  t h e  hole .  The summation r u l e  t h a t  
a p p l i e s  he re  i s  
Here nodes and sadd le s  occur bo th  i n  t h e  flow and on 
1 N + -  2 
Here t h e  primed q u a n t i t i e s  denote  half-nodes and half-saddles .  These 
r u l e s  were put forward €or s tudying  f l u i d  flows by Hunt e t  a l .  [7]. 
The r i chness  of s t r u c t u r e s  i n  f l u i d  flows is w e l l - i l l u s t r a t e d  i n  
Van Dyke's book 1161. Addi t iona l  examples are shown i n  F igs .  3 and 6 
[ 1 7 ] .  Both are separa ted  flows on pointed bodies  of revolu t ion :  one a t  
subsonic  speed (Fig.  3 )  and one a t  supersonic  speed (Fig. 6 ) .  With t h e  
except ion of t he  shock waves present  i n  Fig. 6 ,  t h e  flow i s  topo log ica l ly  
equiva len t  t o  t h a t  i n  t h e  upper l e f t  photograph i n  Fig. 3 ( u  = 25") .  
Leaving a s i d e  secondary s t r u c t u r e s  ( see  below), i f  one were t o  cons t ruc t  
t h e  flow topologies  t h a t  occur i n  a crossf low plane on a pointed body a t  
va r ious  inc reas ing  angles  of a t t a c k ,  one would ge t  those  shown i n  Fig. 7 .  
The summation rule f o r  t he  topology of t h e  flow i n  a crossf low plane 
c u t t i n g  a three-dimensional body i s  Eq. ( 3 . 6 ) .  The count of N ,  N ' ,  S ,  
and S '  is given i n  t h e  f igu re .  I n  t h e  vor tex- f ree  flow, t h e  flow i n  t h e  
s e c t i o n  a t t a c h e s  a t  a ha l f - saddle  i n  f r o n t  (windward) and leaves  the  body 
a t  t h e  rear a t  a half-saddle .  Thus, w e  have minus one f o r  t h e  summation 
ru l e .  The next  t opo log ica l  s t r u c t u r e  t h a t  occurs  i s  t h e  symmetric vo r t ex  
flow (Fig.  7 ) .  Here the  flow aga in  a t t a c h e s  a t  a half-saddle  as before ,  
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bu t  t h e  rear flow is  much more complex, The flow i n  t h e  crossf low p lane  
s e p a r a t e s  from t h e  s i d e s  a t  half-saddles  and t h e  separa ted  "sheets" r o l l  
up t o  form s p i r a l  nodes on each s i d e ,  
back toward t h e  s u r f a c e  and a t t a c h e s  a t  a ha l f - saddle ,  
topology and ge t  t he  proper flow d i r e c t i o n  downstream a sadd le  t h a t  c l o s e s  
t h e  flow s t r u c t u r e  is  required.  Again, t h e  summation r u l e  i s  s a t i s f i e d .  
The t h i r d  s t r u c t u r e ,  f i r s t  occurrence of t h e  asymmetric vor t ex  flow 
(Fig.  7 ) ,  has t h e  same topology as t h e  symmetric case. The f i n a l  s t r u c -  
t u r e  shown i n  Fig. 7 i s  a three-vortex asymmetric conf igu ra t ion .  This  
probably occurs  w i t h  t h e  development of a p a i r  of c r i t i c a l  po in t s  i n  the 
flow (a s p i r a l  node and saddle)  on o r  ve ry  near  t h e  elongated sepa ra t ion  
shee t  near  t h e  half-saddle  po in t  of s epa ra t ion .  Addi t iona l  asymmetric 
conf igura t ions  occur  t h a t  have more s p i r a l  nodes on alternate s i d e s  (not 
shown). Actua l ly ,  a complete r ep resen ta t ion  of t h e  flow s t r u c t u r e s  would 
r e q u i r e  t h e  i n c l u s i o n  of secondary v o r t i c e s  (wi th  corresponding separa- 
t i o n  and reattachment poin ts )  t h a t  are i n  f a c t  induced by t h e  l a r g e  
primary v o r t i c e s .  
f o r  i l l u s t r a t i n g  t h e  bas i c  p o i n t ,  al though t h e  secondary v o r t i c e s  may b e  
a t  least  p a r t i a l l y  respons ib le  f o r  s e t t i n g  up cond i t ions  f o r  the  c r e a t i o n  
of t h e  new s p i r a l  node - saddle  p a i r  i n  t h e  three-or-more asymmetric 
v o r t e x  conf igu ra t ions .  W e  c au t ion  t h a t  a l though the  summation r u l e s  pro- 
v ide  necessary condi t ions  f o r  determining t h e  s t r u c t u r e s ,  they are n o t '  
s u f f i c i e n t  cond i t ions ,  and indeed,  given t h e  s a m e  number and types of 
c r i t i c a l  po in t s ,  t h e  s t r u c t u r e s  could be cons t ruc ted  i n  o t h e r  ways. It 
i s  r a t h e r  by s tudying  the  evolu t ion  of t h e  s t r u c t u r e s  and i n s i s t i n g  t h a t  
The flow a t  t h e  rear i s  now d i r e c t e d  
To complete the 
Inc luding  them would have r e s u l t e d  i n  undue complexity 
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p a r t i c l e  paths ( s t reaml ines)  remain continuous that one can b e  reagonably 
s u r e  of cons t ruc t ing  a "correct"  sequence of s t r u c t u r e s .  
Another example of f luid-f low structures is  t h e  s u r f a c e  oi l - f low 
p a t t e r n  ( s k i n - f r i c t i o n  l i n e s )  on a wing a t t ached  t o  a wind-tunnel wall 
and t e s t e d  a t  t r a n s o n i c  speeds ( s e e  Fig. 8; cour tesy  of  E a r l  Keener, 
NASA Ames Research Center ) .  A complete topo log ica l  a n a l y s i s  has  not  
been c a r r i e d  ou t  as ye t  f o r  this body. However, two p o i n t s  can  be made. 
F i r s t ,  a t  M = 0.90 t h e  flow has  separa ted  from t h e  wing i n  t h e  form 
of two s p i r a l  nodes,  t h e  o r i g i n s  of  which are c l e a r l y  i l l u s t r a t e d  i n  t h e  
o i l  flow. Saddle p o i n t s  are a l s o  c l e a r l y  p re sen t .  Second, here  w e  see 
evidence of another  parameter, Mach number, playing a r o l e  i n  causing 
flow s t r u c t u r e s  t o  change; a t  M = 0.82, t h e  flow is  a t t ached ,  evidenced 
by t h e  smooth streamwise d i r e c t i o n s  of t h e  o i l - f low l i n e s .  On t h e  o t h e r  
hand, a t  M = 0.9 t h e  flow i s  separated as ind ica t ed  by t h e  s p i r a l  nodes. 
I n  concluding this s e c t i o n ,  t h r e e  p o i n t s  must be made. F i r s t ,  t he  
f l o w  s t r u c t u r e s  cons t ruc ted  w i t h  i s o l a t e d  c r i t i c a l  po in t s  agree  very w e l l  
w i th  observed flow s t r u c t u r e s  i n  p r a c t i c a l  aerodynamic flows. Second, 
t h e  topology of t h e  c r i t i c a l  p o i n t s  has proved t o  be a very  use fu l  t o o l  
i n  analyzing obse rva t iona l  d a t a  o r  da ta  obta ined  from computer s imula t ions  
of t he  flows. Third ,  t h e r e  are  s e v e r a l  important i s s u e s  concerning 
three-dimensional flow sepa ra t ion  t o  which topology may h e l p  provide 
answers. These i s s u e s  inc lude  (1) t h e  n a t u r e  of three-dimensional flow 
sepa ra t ion  and ( 2 )  t h e  i s s u e  of open versus  c losed  flow sepa ra t ion  
( e .g . ,  [18] ) .  Some of these  i s s u e s  may a l s o  r equ i r e  information con- 
cern ing  how flow s t r u c t u r e s  change, t h e  t o p i c  t o  which w e  now turn.  
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General ly  speaking, 
o f  nonl inear  b i f u r c a t i o n  theo ry  i s  a theory  of 
equat ions .  
librium s o l u t i o n s  of evolu t ion  equat ions of t h e  form 
In fluid-dynamic a p p l i c a t i o n s ,  w e  are i n t e r e s t e d  i n  equi-. 
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Ut = H ( 3 , A )  , ( 3 . 7 )  
+ 
where U is t h e  v e l o c i t y  vec to r  and X i s  a parameter (e.g. ,  Reynolds 
number, angle  of a t t a c k ,  Mach number). Equation ( 3 . 7 )  is s u f f i c i e n t l y  
genera l  (with dependence on t h e  s p a t i a l  coo rd ina te s  understood) t o  
inc lude  any of t h e  forms of t h e  equat ions s a i d  t o  govern f l u i d  f lows,  
f o r  example, t h e  Navier-Stokes equat ions.  By an equi l ibr ium s o l u t i o n  of 
( 3 . 7 1 ,  w e  mean a s o l u t i o n  t o  which U( t )  evolves  a f t e r  t h e  t r a n s i e n t  
e f f e c t s  a s soc ia t ed  w i t h  t h e  i n i t i a l  va lues  have died away. Equi l ibr ium 
s o l u t i o n s  may be t ime-invariant  t ime-periodic ,  quas i -per iodic ,  o r  
chao t i c ,  depending on condi t ions .  
-f 
W e  are concerned w i t h  equi l ibr ium s o l u t i o n s  a t  two levels. The 
f i r s t  occurs as a r e s u l t  of i n s t a b i l i t y  i n  ( 3 . 7 ) .  A s  t h e  parameter A 
i s  v a r i e d ,  a c r i t i c a l  va lue  
s o l u t i o n  becomes uns tab le .  New s o l u t i o n s ,  c a l l e d  b i f u r c a t i n g  s o l u t i o n s ,  
appear ,  some of which may be s t a b l e  and some uns tab le  t o  small perturba-  
t i o n s .  By s t a b l e  and uns t ab le  w e  mean the  following: I f  a s m a l l  pe r -  
t u r b a t i o n  of t h e  s o l u t i o n  decays t o  zero as t + m ,  t he  s o l u t i o n  is  s a i d  
t o  be asymptot ica l ly  s t a b l e ;  i f  t h e  pe r tu rba t ion  grows, t h e  s o l u t i o n  is 
s a i d  t o  be (asymptot ica l ly)  uns tab le .  S t a b l e  branches of b i f u r c a t i n g  
Xc can be reached beyond which t h e  o r i g i n a l  
s o l u t i o n s  can be  
s a i d  t o  be l o c a l  
e i t h e r  l o c a l  o r  global .  A b i f u r c a t i n g  s o l u t i o n  i s  
i f  i t  can b e  mapped onto t h e  o r i g i n a l  s o l u t i o n  without  
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c u t t i n g  t h e  s o l u t i o n  space; if it cannot9  t h e  b i f u r c a t i o n  s o l u t i o n  i s  
s a i d  t o  b e  g ioba l ,  In  add i t ion ,  t h e  b i f u r c a t i o n  can be  s u p e r c r i t i c a l  o r  
s u b c r i t i c a l ,  as i l l u s t r a t e d  i n  Fig., 9. I n  a s u p e r c r i t i c a l  S i f u r c a t i o n  
(shown by t h e  p i t c h f o r k  b i f u r c a t i o n ) ,  t h e r e  i s  a t  least one branch of  
s t a b l e  b i f u r c a t i n g  s o l u t i o n s  that i s  continuous w i t h  t h e  o r i g i n a l  solu- 
t i o n  a t  the  b i f u r c a t i o n  po in t  A c e  Thus, f o r  a small change i n  A 
ac ros  s X c ,  t h e r e  i s  a s t a b l e  b i f u r c a t i n g  s o l u t i o n  that i s  O(A) c l o s e  
t o  t h e  o r i g i n a l  s o l u t i o n  such that as A - X +- 0, A +- 0,  This  is not  
t h e  case f o r  a s u b c r i t i c a l  b i f u r c a t i o n  shown on t h e  r i g h t  of Fig.  9. 
C 
Heres f o r  a small change i n  h ac ross  A,, t h e r e  i s  no branch of  s t a b l e  
b i f u r c a t i n g  s o l u t i o n s  t h a t  is continuous w i t h  t h e  o r i g i n a l  branch. Th i s  
type  o f  b i f u r c a t i o n  normally l eads  t o  h y s t e r e s i s  behavior because t h e  
c r i t i c a l  point f o r  t h e  upper branch i n  t h e  case shown does not occur a t  
the  same value  of X as it does f o r  t he  lower branch. The symmetrical 
b i f u r c a t i o n  curves shown i n  Fig.  9 are o f t e n  t h e  r e s u l t  of an i d e a l i z e d  
C 
problem. I n  practice t h e r e  is less enforced symmetry, o r  t h e r e  i s  a 
boundary cond i t ion  o r  a scale t h a t  w a s  suppressed i n  t h e  i d e a l i z e d  prob- 
l e m .  When these  are brought i n t o  cons ide ra t ion ,  t he  i d e a l i z e d  b i f u r c a t i o n  
diagram may undergo an unfolding. 
p i t ch fo rk .  The i d e a l i z e d  p i t c h f o r k  has t h e  following form ( t o  leading 
This i s  i l l u s t r a t e d  i n  Fig. 9 w i th  t h e  
o rde r )  
- A+ = $($2 - A )  = 0 (3.8) 
whereas the  gene ra l  (unfolded) b i f u r c a t i o n  t o  t h i s  order  has  t h e  form 
+ 3  + a(X)$2 + b(h)$  + c(A) 5 0 ( 3 . 9 )  
For t h e  case shown i n  Fig. 9 ,  a = 0, and b represents  t h e  e f f e c t  of a 
s m a l l  imperfect ion.  B i fu rca t ion  i n  the  case of Couette flow between 
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r o t a t i n g  cy l inde r s  ( t h e  Taylor v o r t e x  problem) has this form, i n  which 
the  c term is t h e  r e s u l t  o f  i nc lud ing  ends i n  t h e  concen t r i c  c y l i n d e r s  
r a t h e r  than  t r e a t i n g  t h e  i d e a l i z e d  problem i n  which t h e  ends are a t  p lus  
and minus i n f i n i t y .  The f i r s t  s t a g e  of t h e  Taylor v o r t e x  problem typi -  
f i e s  a common type  of b i f u r c a t i o n  i n  which an o r i g i n a l  t ime-invariant  
equi l ibr ium s o l u t i o n  is  replaced a t  t h e  b i f u r c a t i o n  poin t  by another  
t ime-invariant  equ i l ib r ium s o l u t i o n ,  i n  t h i s  case  one desc r ib ing  t h e  
Taylor  v o r t i c e s .  A second type  of b i f u r c a t i o n  is  t h e  "Hopf" b i f u r c a t i o n  
i n  which the  o r i g i n a l  t ime-invariant  equi l ibr ium s o l u t i o n  i s  replaced by 
a branch of s t a b l e  equi l ibr ium s o l u t i o n s  which are time-periodic.  I n  
t u r n ,  t ime-periodic s o l u t i o n s  can b i f u r c a t e  i n t o  quasi-per iodic  so lu t ions .  
The Hopf-type of b i f u r c a t i o n  is  common i n  aerodynamics. An example i s  
t h e  Karman vor t ex  street i n  t h e  wake behind a c i r c u l a r  c y l i n d e r  f o r  
R e  > Rec 2 50. 
when a quas i -per iodic  equi l ibr ium s o l u t i o n  is replaced by a bounded 
a p e r i o d i c  s o l u t i o n  having chao t i c  p rope r t i e s .  Solu t ions  of  t h i s  kind, 
A t h i r d  type of b i f u r c a t i o n  of g r e a t  i n t e r e s t  occurs  
of course ,  r e c a l l  t h e  tu rbu len t - l i ke  behavior  t y p i c a l  of flows a t  high 
Reynolds numbers. 
The second l e v e l  a t  which w e  have a p a r t i c u l a r  concern wi th  equi- 
l ib r ium s o l u t i o n s  focuses  on t h e  c l a s s  of equi l ibr ium s o l u t i o n s  t h a t  is  
t ime-invariant .  Here, w e  concent ra te  a t t e n t i o n  on the  c r i t i c a l  po in t s  
i n  the  equi l ibr ium flows where U 5 0. With U E 0 i n  ( 3 . 7 ) ,  w e  can 
recast (3.7) t o  d i r e c t l y  desc r ibe  par t ic le  t r a j e c t o r i e s  o r  s t reamlines:  
-+ -f 
t 
- + +  -+ 
U = X = G ( X , A )  , (3.10) t 
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-3- 
where X i s  t h e  s p a t i a l  coo rd ina te  of t h e  f l u i d  element. Equation (3.10) 
i n  e f f e c t  governs t h e  flow structures t h a t  w e  s tud ied  earlier i n  Sec. 3.2 ,  
Here9 as A c r o s s e s  A a c r i t i ca l  poin t  may b i f u r c a t e  i n t o  mul t ip l e  
c r i t i c a l  po in t s ,  o r  a new p a i r  of c r i t i ca l  p o i n t s  may appear ,  o r  a p a i r  
d i sappear ,  However, b i f u r c a t i o n  a t  this lsvel need no t  imply nonunique- 
ness i n  t h e  governing flow equat ions,  Equi l ibr ium s o l u t i o n s  may remain 
s t a b l e  and unique on e i t h e r  s i d e  of 
p o i n t s  i n  t h e  flow w i l l  be r e f e r r e d  t o  as s t r u c t u r a l  b i f u r c a t i o n .  A l l  
s t r u c t u r a l  b i f u r c a t i o n s  are g loba l  i n  t h e  mapping sense  descr ibed  earlier. 
That s t r u c t u r a l  b i f u r c a t i o n s  are unique appears  t o  be the case i n  compu- 
t a t i o n s  based on the  incompressible  Navier-Stokes equat ions f o r  t h e  o n s e t  
of s teady  separa ted  flow behind a two-dimensional c i r c u l a r  cy l inde r  as 
the  parameter Reynolds number (Re) inc reases  p a s t  a va lue  of 7 .  For 
R e  < 7 the  equi l ibr ium s o l u t i o n  i n d i c a t e s  a t t ached  flow and is unique; 
f o r  R e  > 7 t h e  equi l ibr ium s o i u t i o n  i n d i c a t e s  separa ted  flow and 
appears  t o  be unique. The l a t t e r  conclusion i s  based on the  observa t ion  
t h a t  flow s t r u c t u r e s  develop smoothly through R e  = 7 ,  w i t h  no i n d i c a t i o n  
of t h e  poss ib l e  ex i s t ence  of mul t ip l e  so lu t ions .  However, as R e  passes 
through 7 ,  t he  rear s t agna t ion  poin t  (ha l f - saddle)  s p l i t l s ,  y i e ld ing  two 
\ 
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C 
c e n t e r s ,  t h ree  ha l f - saddles ,  and a saddle  t o  form the  symmetric s e p a r a t i o n  
region.  
The genera l  t o p i c  of b i f u r c a t i o n  theory has received cons iderable  
a t t e n t i o n  i n  the  p a s t  few years wi th  development of an ex tens ive  body of 
l i t e r a t u r e .  When t h e  focus is purely on t h e  classes of s t eady- s t a t e  
s o l u t i o n s  of a governing evolu t ion  equat ion i t  is o f t e n  termed ca t a s t rophe  
theory ,  a f t e r  the  work of Thom [ 1 9 ] .  Severa l  examples of this genre of 
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work are given i n  [20-231. An example of ex tens ive  use of b i f u r c a t i o n  
theory  i n  a f l u i d  mechanics s e t t i n g  i s  presented  i n  [ lo ] .  
Consider now some examples of changes of flow f i e l d s  t h a t  i l l u s t r a t e  
t h e s e  va r ious  b i f u r c a t i o n s  and t h e i r  va r ious  p r o p e r t i e s  ( l o c a l  versus  
g loba l ;  s u p e r c r i t i c a l  versus  s u b c r i t i c a l ;  perio 'dic and ape r iod ic )  e The 
f i r s t  is t h a t  of f low about a body of r evo lu t ion  which w e  have a l r eady  
introduced,  The p r i n c i p a l  changes i n  t h e  flow s t r u c t u r e s  observed i n  
the  crossf low p lane  w i t h  i n c r e a s i n g  angle  of a t t a c k  a r e  shown i n  Fig.. 10, 
The change from vor tex- f ree  ( a t t ached)  f l o w  t o  symmetric v o r t e x  flow i s  
an  example of a s t r u c t u r a l  b i f u r c a t i o n  i n  t h e  topology which occurs  a t  a 
c r i t i ca l  va lue  of ang le  of a t t a c k ,  bu t  flows both  be fo re  and a f t e r  t h e  
change are be l ieved  t o  be unique. I n  t h e  crossf low p lane ,  t h e  s t r u c t u r a l  
b i f u r c a t i o n  i s  g loba l ,  i n  t h a t  one flow f i e l d  cannot be  mapped t o  t h e  
o t h e r  without  c u t t i n g  the  f i e l d .  The next  change wi th  ang le  of a t t a c k ,  
from symmetric t o  asymmetric v o r t e x  flow, i s  a true b i f u r c a t i o n  because 
both  s o l u t i o n s  exist beyond a c r i t i c a l  angle  of a t t a c k ,  bu t  only the  
asymmetric one is  s t a b l e .  It has two mirror-symmetric conf igu ra t ions  e 
This  b i f u r c a t i o n  is bel ieved t o  be s u p e r c r i t i c a l ,  but  i n  the  mapping 
sense  i t  is l o c a l  i n  t h a t  a s imple s t r e t c h i n g  of t he  f i e l d  would t u r n  
t h e  symmetric flow i n t o  an asymmetric flow. With f u r t h e r  i nc reases  i n  
ang le  of a t t a c k ,  t h e  next change i n  t h e  sequence of flows i s  again 
asymmetric, bu t  new s p i r a l  nodes and  saddles  appear i n  t h e  crossf low 
plane. This  aga in  is a s t r u c t u r a l  b i fu rca t ion .  F i n a l l y ,  a t  very  high 
ang le s  of a t t a c k ,  t h e  b i f u r c a t i o n  is normally of t he  Hopf type,  g iv ing  
, 
rise t o  per iodic  wake-like flow. However, under c e r t a i n  cond i t ions ,  
2 1  
the  pe r iod ic  wake-like flow changes quick ly  t o  an ape r iod ic  flow, These 
condi t ions  are a s s o c i a t e d  wi th  ano the r  parameter9 namelyo t h e  Reynolds 
number e 
The second example concerns asymmetric v o r t e x  breakdown on a very  
s l e n d e r  d e l t a  wing. Vortex breakdown occurs  a long t h e  c o r e  of a vo r t ex  
when t h e  axial flow undergoes a r ap id  d e c e l e r a t i o n ,  causing t h e  co re  of 
t h e  v o r t e x  t o  i n c r e a s e  i n  s i z e  r a p i d l y ,  as shown i n  Fig.  11 (from [ 2 4 ] ) .  
The phenomenon has  been s tudied  ex tens ive ly  (e.g. [25-261) a Herep w e  
w i l l  be concerned w i t h  t h e  s p e c i a l  cond i t ion  when t h e  p a i r  of leading- 
edge v o r t i c e s  on t h e  d e l t a  wing break  down and t h e r e  i s  a mutual i n t e r -  
ac t ion .  The phenomenon, which occurs  p r i n c i p a l l y  on very  s l e n d e r  d e l t a  
wings, w a s  f i r s t  observed by Lowson [ 2 7 ] .  It i s  i l l u s t r a t e d  i n  t h e  form 
of a b i f u r c a t i o n  diagram i n  Fig.  12, where t h e  o r d i n a t e  A r ep resen t s  
chordwise d i s t a n c e  between the  o r i g i n s  of t h e  two breakdowns. Lowson noted 
t h a t  a t  low ang les  of a t t a c k  ( r o l l  angle  JI = 0) the  breakdowns occurred 
symmetrically.  Thus, A = 0,  as shown i n  Fig.  12. Beyond some angle  of 
a t t a c k  et > et t h e r e  occurred a f i n i t e  asymmetry i n  t h e  p o s i t i o n s  of t h e  
vortex-breakdown o r i g i n s  ( A  # 0 ) .  Continued inc reases  i n  et r e su l t ed  
C 
i n  i nc reases  i n  A .  However, when et w a s  decreasedg  the  r e t u r n  to  
A = 0 ( t h e  symmetric conf igura t ion)  occurred a t  a va lue  of et smaller 
than  a e Thus, as i l l u s t r a t e d  i n  Fig.  1 2 ,  w e  have a source  of h y s t e r e s i s .  
Note t h a t  A has two branches i n  view of t h e  ex i s t ence  of mirror-  
C 
symmetric so lu t ions .  The asymmetric vo r t ex  breakdown g ives  rise t o  an 
aerodynamic r o l l i n g  moment CR 
A .  N u w ,  le t  the  angle  of a t t a c k  et be  f ixed  a t  et1" Increas ing  t h e  
t h a t  i s  p ropor t iona l  t o  t h e  magnitude of 
r o l l  angle  J, i n  one d i r e c t i o n  i n c r e a s e s  A ,  and inc reas ing  JI i n  t h e  
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oppos i t e  d i r e c t i o n  diminishes  B and p ropor t iona te ly  C R 9  as shown. A t  
some negat ive  v a l u e  of $ >  flow condi t ions  favorable  t o  v o r t e x  breakdo 
i n  t h e  oppos i te  d i r e c t i o n  f o r c e  t h e  breakdown pos i t i ons  t o  sw5tch 
d i r e c t i o n s ,  
have complex b i f u r c a t i o n s  dependent on two parameters ,  a and $J. The 
s o l u t i o n  s u r f a c e  has t h e  form of cusp ca t a s t rophe  sur face .  
With this we  see another  source  of h y s t e r e s i s ,  Thus, w e  
The t h i r d  and f i n a l  example aga in  involves  h y s t e r e s i s .  Figure 13 
[28]  shows t h e  s i d e  f o r c e s  generated on t h e  nose of a body which is a t  
90" angle  of a t t a c k  and is r o t a t i n g  about t h e  v e l o c i t y  v e c t o r  w i t h  
angular  v e l o c i t y  w ( s e e  the  i n s e t  i n  the  upper lef t -hand corner  of 
Fig. 13). The body nose has a square  c ros s  s e c t i o n  wi th  rounded c o m e r s .  
When t h e  Reynolds number i s  l a r g e  and the  flow i n  the  boundary l a y e r  over  
t h e  body is t u r b u l e n t ,  r o t a t i o n  of t he  body creates a s i d e  f o r c e  
oppos i te  t o  t h a t  of t h e  sp in  ( a n t i s p i n ) .  The flow i s  a t t ached  t o  the  
s i d e s  of t he  body, and t h e r e  i s  a tu rbu len t  ( chao t i c )  wake as shown 
schemat ica l ly  i n  the  Lower right-hand ske tch  i n  F i g .  13. This  chao t i c  
flow i n  the  wake g ives  rise t o  a s m a l l  chao t i c  s i d e  f o r c e  which genera l ly  
i s  not  of great concern.  For low-Reynolds-number cond i t ions ,  t h e  
boundary-layer flow on the body i s  laminar,  g iv ing  rise t o  a much d i f f e r -  
e n t  f low, and hence t o  a s i d e  f o r c e ,  as ind ica t ed  by the  curve  marked by 
c i r c l e s  i n  Fig. 13. A t  l o w  reduced s p i n  rates (52) , t h e  flow sepa ra t e s  
from both  s i d e s  of t h e  body (not  sketched) and w e  get  a l a r g e  per iodic  
s i d e  force  ( a l s o  not shown) w i t h  a s m a l l  mean s i d e  f o r c e  t h a t  i n c r e a s e s  
slowly w i t h  R u n t i l  a va lue  of R i s  reached a t  which t h e  flow 
a t t a c h e s  t o  t h e  body on t h e  s i d e  toward which it is spinning (see  upper 
right-hand ske tch  i n  Fig. 13), wi th  a r e s u l t i n g  l a r g e  inc rease  i n  s i d e  
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f o r c e .  Fur ther  i n c r e a s e s  i n  Q cause s m a l l  r educ t ions  i n  s i d e  force.  
The b i f u r c a t i o n  t h a t  occurs  h e r e  would appear t o  b e  s u p e r c r i t i c a l s  b u t  
very  rap id  (no h y s t e r e s i s  is obserred)  e However, a t  i n t e rmed ia t e  
Reynolds numbers and low s p i n  rates w e  get  e i t h e r  t h e  flow a t t ached  t o  
both s i d e s  o r  t o  one of t h e  two s i d e s  depending on the  d i r e c t i o n  of s p i n  
and whether s p i n  rate i s  inc reas ing  o r  decreasing.  
s t ances  a h y s t e r e s i s  r e s u l t s ,  as shown i n  Fig.  13; f o r  example, a t  
I n  t h e s e  circum- 
\ 
R e  = 0.5 x lo6. 
A s  can be  seen  from t h e  t h r e e  examples presented ,  t h e r e  are  many 
types  of b i f u r c a t i o n  t h a t  occur  i n  practical  aerodynamic flows. Further-  
more, t hese  b i f u r c a t i o n s  have s i g n i f i c a n t  r ami f i ca t ions  f o r  f l i g h t  
e 
dynamics. They must be understood i f  l o g i c a l l y  c o n s i s t e n t  models of t h e  
aerodynamics are t o  be formulated.  
3 . 4  Chaos - Strange  A t t r a c t o r s  and F r a c t a l s .  Turbulent o r  chao t i c  
flow plays a very  important  r o l e  i n  aerodynamics but  is no t  f u l l y  under- 
s tood.  In a d d i t i o n ,  ou r  present  understanding of how s t r a n g e  a t t r a c t o r s  
and f r a c t a l  p r o p e r t i e s  a r e  r e l a t e d  t o  turbulence i s  less w e l l  advanced 
than i s  our understanding of how c r i t i c a l  po in t s  i n  the  flow topology 
and b i f u r c a t i o n  theory  are r e l a t e d  t o  the o r i g i n  and change of flow 
s t r u c t u r e s .  For t h a t  reason, this s e c t i o n  w i l l  s t a r t  wi th  t h e  observa- 
t i o n a l  framework; then the  mathematical concepts w i l l  be introduced.  
A l l  f l u i d  flows s u f f e r  c h a o t i c  behavior a t  s u f f i c i e n t l y  high va lues  
of Reynolds number. T h i s  b a s i c  property of f l u i d  flows appears  t o  be 
modeled by the  Navier-Stokes equat ions ,  which are.  s a i d  t o  govern the  
f lows,  through t h e  mechanism of mul t ip l e  i n s t a b i l i t i e s .  On w a l l s ,  tu r -  
bu len t  (chaot ic )  behavior  normally f i r s t  occurs  i n  the  boundary l a y e r ,  
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and i n  f r e e  shea r  l a y e r s  i t  occurs  do nstrcam of vor t ic i ty-producing  
su r faces .  An example of a t u r b u l e n t  boundary l a y e r  i s  sho 
photograph i n  Fig.  14 [ 2 9 ] .  The small-scale turbulence nea r  t he  w a l l  
(scales are of t h e  orcler of t h e  boundary-layer t h i ckness  o r  smaller) 
gives  rise t o  t u r b u i e n t  momentum t r anspor t  and a s i g n i f i c a n t  i nc rease  i n  
t h e  mean (time-averaged) drag  f o r c e  on t h e  body, There are o t h e r  small- 
ampli tude,  high-frequency ansteady f o r c e s  b u t  t h e s e  gene ra l ly  are not  
important .  (They may be  important  f o r  sound genera t ion  o r  i n  c e r t a i n  
s t r u c t u r a l  f a t i g u e  problems.) I n  some cases t h e  small-amplitude, s m a l l -  
scale turbulence  can  i n t e r a c t  w i t h  o t h e r  l a r g e r  flow s t r u c t u r e s  t o  s ig-  
n i f i c a n t l y  a l ter  t h e  aerodynamics. F i n a l l y ,  t h e r e  are some la rge-sca le  
chao t i c - l i ke  f lows t h a t  can occur ,  f o r  example, dur ing  t h e  s t a l l  of a 
wing under some Keynolds-number condi t ions .  
of any of t h e s e  c h a o t i c  flows i s  r a t h e r  l imi t ed .  Ideas  from b i f u r c a t i o n  
theory  that have drawn a t t e n t i o n  t o  the behavior  of s t r ange  a t t r a c t o r s  
a l r eady  have had a s i g n i f i c a n t  e f f e c t  on our understanding of t he  t r a n s i -  
t i o n  from laminar t o  turbulen t  flow. The c l a s s i c  view of t r a n s i t i o n  due 
t o  Landau [30], t h a t  of an i n f i n i t e  set of b i f u r c a t i o n s  occurr ing which 
completely f i l l s  out t h e  wave-number space, has not corresponded t o  
observa t ions  i n  which the re  appeared t o  be a f i n i t e  and s m a l l  number of 
b i f u r c a t i o n s  ending i n  a chao t i c  f low.  With t h e  discovery that even 
r e l a t i v e l y  s imple d e t e r m i n i s t i c  d i f f e r e n t i a l  equat ions could y i e l d  
bounded ape r iod ic  so lu t ions  w i t h  chao t i c - l i ke  behavior ,  a rou te  t o  turbu- 
The s ta te  of understanding 
lence  cons i s t en t  w i t h  observa t ions  
number of b i f u r c a t i o n s  ending wi th  
This  w a s  f i r s t  proposed a s  a model 
became a v a i l a b l e ,  e n t a i l i n g  a f i n i t e  
b i f u r c a t i o n  t o  a s t r a n g e  a t t r a c t o r .  
f o r  t r a n s i t i o n  by Ruel le  and Takens 
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i n  1971 [ 121, Since  then,  o t h e r s  have proposed s i m i l a r  rou te s  t o  turbu- 
l ence  via s t r a n g e - a t t r a c t o r  behavior .  A r ecen t  review of t h e  var ious  
scena r ios  is given by Eckmann E311. Given t h e  r o l e  played by t h e  s t r a n g e  
, a t t r a c t o r  i n  t r a n s i t i o n ,  i t  is l o g i c a l  t o  a s k  about i t s  p r o p e r t i e s  and 
whether i t  plays a r o l e  i n  f u l l y  developed turbulence .  These are ques- 
t i o n s  t o  which w e  now turn .  
S t range  a t t r a c t o r s  can occur  i n  forced d i s s i p a t i v e  systems w i t h  
A s t r a n g e  a t t r a c t o r  can be  loose ly  r e l a t i v e l y  small n o n l i n e a r i t i e s .  
def ined  as a subse t  of s o l u t i o n s  a l l  of which are bounded and ape r iod ic .  
Each member of t h i s  bounded and a p e r i o d i c  set occupies  zero volume i n  
t h e  s o l u t i o n  space. That i s ,  f o r  example, i f  t h e  s o l u t i o n  i s  a trajec- 
t o r y  (dimension-one) i n  a plane (dimension-two), t h e  t r a j e c t o r y ,  a l though 
s t a y i n g  wi th in  a bounded reg ion  of t h e  p lane ,  never  occupies  any area of 
t h e  plane.  This gives  rise t o  t h e  f r a c t a l  p rope r ty  of t h e  s t r ange  
a t t r a c t o r ,  t o  which w e  w i l l  r e t u r n  l a t e r .  The s t r a n g e  a t t r a c t o r s  a r e  
a l so  s e n s i t i v e  t o  i n i t i a l  cond i t ions .  Behavior of a system conta in ing  a 
s t r ange  a t t r a c t o r  t h a t  w a s  f irst  discovered by Lorenz [ l l ]  i s  shown i n  
F i g .  15. S ince  i t s  discovery,  t h e  system has been s tud ied  ex tens ive ly  
by many au thors  (e .g . ,  [32] ) .  The equat ions f o r  t h e  system are 
dx 
a t  _.- - a t y  - x> Y 
* = - x y + R x - y  a t  
and 
- ~ - B Z ,  dz _ -  d t  
(3  11) 
where 0 ,  R, and B are system parameters. There a r e  s e v e r a l  aspects of 
t h e  behavior  i l l u s t r a t e d  i n  Fig.  15 t h a t  are s i m i l a r  t o  turbulence.  
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F i r s t ,  a l though t h e  s o l u t i o n s  are d e t e r m i n i s t i c  t h e r e  is chao t i c - l i ke  
behavior ,  bu t  t h e r e  i s  a l s o  an  overall s t r u c t u r e .  
he re  that the  t u r b u l e n t  s t r e a k s  t h a t  are observed i n  bo th  experiments 
and computations of p lane  f lows have a structure that is sugges t ive  of 
s t r ange -a t t r ac to r  behavior .  They are not  s t a t i o n a r y  i n  flows bu t  r a t h e r  
tend t o  wander w i t h  t i m e ,  a l l  t h e  w h i l e  r e t a i n i n g  t h e  same b a s i c  struc- 
t u r e .  Figure 16 is  an  example of  t h e s e  s t r u c t u r e s  taken from the  com- 
p u t a t i o n  of a tu rbu len t  channel flow c a r r i e d  ou t  by Moin and K i m  [33 ] .  
Shown are v e l o c i t y  contours  a t  an i n s t a n t  i n  t i m e  i n  a p l ane  p a r a l l e l  t o  
t h e  channel  w a l l .  The elongated s t r u c t u r e s  ( s t r eaks )  move around wi th  
t i m e  i n  an erratic nanner.  The second important  c h a r a c t e r i s t i c  of a 
s t r a n g e  a t t r a c t o r  t h a t  is similar t o  turbulence  i s  a result  of t h e  fact  
t h a t  t h e  bounded ape r iod ic  s o l u t i o n  does no t  f i l l  t h e  s o l u t i o n  space,  as 
noted earlier. T h i s  gives  rise t o  in te rmi t tency .  For example, a mea- 
surement probe t r a v e r s i n g  through t h e  plane of t h e  s t r a n g e  a t t r a c t o r  
i l l u s t r a t e d  i n  Fig. 15 would record an i n t e r m i t t e n t  series of pu lses  on 
c ros s ing  d i f f e r e n t  segments of t h e  t r a j e c t o r y .  A review of t h e  r e l a t ion -  
s h i p  of s t r ange  a t t r a c t o r s  t o  turbulence  is  given by Lanford [ 3 4 ]  whi le  
O t t  [ 3 5 ]  reviews the  r o l e  of s t r ange  a t t r a c t o r s  i n  chao t i c  dynamical 
sys  t e m s .  
It i s  conjectured 
It is  in t e rmi t t ency  which l eads  t o  f r a c t a l  p r o p e r t i e s  ( e .g . ,  [ 1 3 ] ) .  
To understand f r a c t a l  p rope r t i e s  w e  w i l l  f i r s t  cons ider  fractal  curves.. 
A f r a c t a l  i s  a curve t h a t  i s  everywhere cont inuous but  nowhere d i f f e ren -  
t i a b l e .  A simple example of t h i s  i s  the  Koch curve shown i n  Fig. 17.  
The curve i s  cons t ruc ted  by the  fol lowing r e c u r s i v e  procedure: Take a 
l i n e  one u n i t  long and d iv ide  i t  i n t o  t h r e e  equal  segments. Remove t h e  
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c e n t e r  segment and r ep lace  i t  w i t h  two equal  segments t o  form a h a t  (see 
Fig. 1 7 ) .  
t h a t  are formed a t  success ive  s t e p s .  Now t h e  l e n g t h  of the r e s u l t i n g  
curve inc reases  without: limit as t h e  number of r e p e t i t i o n s  (n)  i n c r e a s e s  
without  l i m i t ,  b u t  t h e  curve does not  f i l l  up any space.  Only a l i n e  
wi th  apparent  t e x t u r e  r e s u l t s .  The fol lowing ques t ion  arises: Is t h e r e  
a way t o  form a r e l a t i o n s h i p  between t h e  l i n e  l e n g t h  and t h e  u n i t  of 
s i z e  a t  any po in t  i n  t h e  i t e r a t i o n ?  There i s ,  and i t  is shown by t h e  
equat ion  
This process  is repea ted  r ecu r s ive ly  on each of new segments 
(3 .12 )  L = s  , 
where L i s  t h e  l eng th  of t h e  l i n e  and s is t h e  l eng th  of t h e  element 
used t o  cons t ruc t  L. Hence, f o r  t h e  Koch curve w e  have 
u 
o r  
Now 1~ can be  i n t e r p r e t e d  as t h e  d i f f e r e n c e  between t h e  Euler  dimension 
(DE) of t h e  element ( s )  , which i n  t h i s  case  is 1 ,  and t h e  dimension of 
t h e  l i n e  L ,  which i s  c a l l e d  
- o r ,  f o r  t h e  Koch curve ,  DH - 
t h e  Hausdorf dimension (D ). Hence H 
E - D H ’  v = D  
Rn 4/%n 3 ,  which i s  about 1 .28 .  Note t h a t  
i f  
unit: of cons t ruc t ion  which is what one expects  f o r  smooth curves.  
DH = DE, t h e  l eng th  of t h e  l i n e  does not depend on t h e  s i z e  of t h e  
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A b e t t e r  example and one more c l o s e l y  r e l a t e d  t o  turbulence  i s  t h e  
second example i n  Fig.  17 ,  namely, t h a t  of a su r face ,  One may t h i n k  of 
t h i s  s u r f a c e  as a s u r f a c e  of v o r t i c i t y .  It i s  d i s t o r t e d  i n  a r ecu r s ive  
manner as fol lows,  Divide the u n i t  square  i n t o  n ine  smaller squares .  
Now remove t h e  f o u r  corner  squares  and t h e  center square  and r ep lace  them 
by b u i l d i n g  a small square box over  t h e  open squares  ( cen te r  box down 
f o r  convenience).  
repea t  t h e  process .  This  s u r f a c e  becomes more and more d i s t o r t e d  wi th  
each s t e p ,  and t h e  actual s u r f a c e  area i n c r e a s e s  without l i m i t  as t h e  
number of i t e r a t i o n s  (n) i nc reases ,  Hence t h i s  su r f ace  i n  two dimensions 
becomes more and more d i s t o r t e d  bu t  never f i l l s  up space i n  t h r e e  dimen- 
s ions .  I n  a manner s i m i l a r  t o  t h a t  used f o r  t h e  Koch curve ,  t h e  Hausdorf 
dimension is found t o  be En 29/En 9 + 1 o r  about 2.54. Now t h i s  is  a 
Now wi th  each of t he  29 s i d e s  of t h e  new f i g u r e ,  
r a t h e r  s i m p l i s t i c  model f o r  a shee t  of v o r t i c i t y  t h a t  has been d i s t o r t e d  
i n t o  a pa rce l  of  tu rbulence  because of i n s t a b i l i t i e s .  Even though t h e  
model is  s i m p l i s t i c ,  i t  i s  t r u e  t h a t  a hot w i r e  passing the  d i s t o r t e d  
shee t  would e x h i b i t  in te rmi t tency .  Observations t h a t  high-Reynolds- 
number tu rbu len t  f lows e x h i b i t  i n t e rmi t t ency  go back t o  a paper by 
Batchelor  and Townsend 1361. Those au thors  noted t h a t  i n  high-Reynolds- 
number homogeneous tu rbu len t  f lows,  t h e  v o r t i c i t y  w a s  not  d i s t r i b u t e d  
uniformly but  w a s  concentrated on shee t s  o r  o t h e r  l oca l i zed  regions of 
space. Atempts have been made t o  de r ive  a Hausdorf dimension f o r  t h i s  
tu rbulence  based on higher-order s t a t i s t i c a l  information.  Values between 
2.0 and 3.0 have been der ived.  However, t h e  reduct ion  of information on 
t h e  higher-order s ta t i s t ics  t o  a Hausdorf dimension r equ i r e s  spec i f i ca -  
t i o n  of a topo log ica l  form of t h e  turbulence ,  and this s t e p  has l ed  t o  
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cons iderable  disagreement .  Handelbrot [131 sugges t s  t h a t  reasonable  
topologies  bound t h e  v a l u e  of t h e  Bausdorf dimension between 2,5 and 2e7a 
I n  a recent  a t tempt  t o  e s t a b l i s h  a b a s i s  f o r  t h e s e  v a l u e s g  Chorin [37] 
c a l c u l a t e d  the  d i s t o r t i o n  of a v o r t e x  tube us ing  t h e  Euler  equations.  
T h a t  c a l c u l a t i o n  showed t h a t  t h e  v o r t i c i t y  con t r ac t ed  ( i n  an 
sense) t o  a Haus-dorf dimension of about 2 .5 ,  i n  reasonable  agreement w i t h  
t h e  lower bound p o s t u l a t e d  by Mandelbrot. 
L, norm 
3.5 Scale: Group Theory. I n  a l l  flows, and wi th  b i f u r c a t i o n s  of 
t h e  flow s t r u c t u r e s ,  a broad range of both s p a t i a l  and temporal  scales 
can occur. The scales are normally determined by t h e  i n t e r a c t i o n  between 
t h e  v a r i o u s  phys ica l  e f f e c t s  t h a t  come i n t o  play.  For the sake of sim- 
p l i c i t y ,  t h e  d i s c u s s i o n  will concen t r a t e  on fou r  bas i c  i d e a s  and r e l a t i o n -  
sh ips  th'at a r e  of s p e c i a l  importance. The f i r s t  i s  dimensional a n a l y s i s ,  
which i s  widely used. It provides  r e l a t i o n s h i p s  between important  
phys i ca l  e f f e c t s  such as those  between i n e r t i a l  and v iscous  e f f e c t s .  A 
simple example of dimensional a n a l y s i s  i s  t h e  d e r i v a t i o n  of t h e  form of 
the  drag  fo rce  on a f l a t  p l a t e  i n  uniform flow. The drag can be w r i t t e n  
f u n c t i o n a l l y  as 
Drag (D)  = F [ v e l o c i t y  (V), d e n s i t y  (p) ,  l e n g t h  ( L ) ,  f l u i d  v i s c o s i t y  (p)]. 
(3.13) 
Since  D ,  V ,  L ,  and 1.1 have dimensions composed of mass, l e n g t h ,  and 
t i m e ,  t h e  equat ion  f o r  drag can be r ewr i t t en ,  us ing  Buckingham's p i  
theorem [ 14 ] 
C 3 - D = G ( R e  = y) PVL . D pV2L (3.14) 
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Here t h e  Reynolds number R e  can  be  i n t e r p r e t e d  as t h e  r a t i o  of an 
i n e r t i a l  p roper ty ,  the length  L ,  t o  a l eng th  c h a r a c t e r i s t i c  of  t h e  
- j iscous flow, namely, y/pV. W e  know from experience t h a t  t h e r e  s t i l l  
remains much r i chness  t o  t h i s  problem i n  t h a t  there are many s t r u c t u r e s  
wi th  va r ious  scales t h a t  develop w i t h  d i f f e r e n t  va lues  of R e ,  i n  par- 
t i c u l a r  turbulence.  1 
The second class of r e l a t i o n s h i p s  o r  scales concerns those  s c a l i n g  
p r o p e r t i e s  t h a t  occur  wi th in  a given class of flow s t r u c t u r e .  Again w e  
can use  t h e  flow over  a f l a t  p l a t e  as an example, bu t  now restrict  our- 
selves t o  a Reynolds number f o r  which t h e  flow remains laminar. An 
examination of terms i n  the  f u l l  f luid-f low equat ions on t h e  b a s i s  of 
R e  ( r a t i o  of p l a t e  l eng th  t o  v iscous  sca l e )  being of t h e  o r d e r  of lo5 
( laminar  flow) i n d i c a t e s  t h a t  several terms are of second order .  I n  
f ac t ,  t h e  e n t i r e  momentum equat ion normal t o  t h e  p l a t e  becomes of second 
1 
order .  Reta in ing  only f i r s t - o r d e r  terms y i e l d s  a much s impler  form of 
t h e  equat ions,  w i t h  Reynolds number as t h e  parameter.  It can be quickly 
shown t h a t  this reduced equat ion has a s e l f - s i m i l a r  form [ 1 5 ]  i f  a l l  
dependent and independent v a r i a b l e s  a r e  normalized by t h e i r  coun te rpa r t s  
(e.g.  , v e l o c i t i e s  by free-stream values  o f  v e l o c i t y  and long i tud ina l  
d i s t a n c e  by t h e  p l a t e  length)  wi th  the  except ion of t he  v e r t i c a l  d i s t a n c e  
y which i s  normalized as 
f = '  (3.15) X 
where R e  = pVx/p i s  t h e  l o c a l  Reynolds number. This normalizat ion 
co l l apses  a l l  of t h e  laminar flow s o l u t i o n s  (where 
s i n g l e  so lu t ion .  
lo5 > R >> 1) t o  a 
We have a continuous s c a l i n g  wi th in  a given c l a s s .  
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The next  l o g i c a l  s t e p  i n  cons ider ing  scales would be  t o  cons ider  
problems wi th  two scales and t h e i r  i n t e r a c t i o n s ,  Here, w e  cons ider  
examples. The f i r s t  involves  t h e  merging of c r i t i c a l  p o i n t s  ( t h r e e  
c r i t i c a l  p o i n t s ) ,  shown schemat ica l ly  i n  Fig.  18. A t  f i n e  r e s o l u t i o n  w e  
d i s t i n g u i s h  two saddle  po in t s  w i t h  a node loca ted  between them; however, 
as t h e  r e s o l u t i o n  decreases  t h e  s t r u c t u r e  i s  recognized only  as a s i n g l e  
sadd le  point .  One can now a s k  whether it i s  e s s e n t i a l  t o  r e so lve  r h e  
t h r e e  c r ik ica l  p o i n t s  t o  ge t  an o v e r a l l  c o r r e c t  so lu t ion .  This is  a 
very important i s s u e  f o r  f i n i t e - d i f f e r e n c e  computational methods because 
t h e  need t o  r e so lve  c l o s e l y  spaced c r i t i c a l  p o i n t s  can markedly i n c r e a s e  
t h e  g r i d  s i z e  r equ i r ed  t o  o b t a i n  a v a l i d  s o l u t i o n .  The  answer may depend 
on t h e  p a r t i c u l a r  in format ion  requi red  and how accura t e  i t  m u s t  be. If 
i t  i s  important  t o  reso lve  t h e  c r i t i c a l  po in t s ,  another  problem arises: 
When t h e  f u l l  fluid-dynamic equat ions are approximated, f o r  example, by 
averaging,  care must be exerc ised  t o  ensure t h a t  t he  reduced equat ions 
are s t i l l  a b l e  t o  cap tu re  t h e  change ( b i f u r c a t i o n )  from the  s i n g l e  
saddle  poin t  t o  t h e  two saddle-point-one node conf igu ra t ion  given i n  
t h i s  example. 
A second example of mul t ip l e  s c a l e s  is i l l u s t r a t e d  i n  Fig. 19 which 
p resen t s  a photograph of flow normal t o  an a i r f o i l ,  t oge the r  w i th  a 
schematic of t h e  flow. The flow of p a r t i c u l a r  no te  here  i s  t h a t  emanat- 
i n g  from the  t r a i l i n g  edge [ 3 8 ] .  
/ 
The flow sepa ra t e s  from t h e  t r a i l i n g  
edge and r o l l s  up i n t o  a l a r g e  vo r t ex  ( s p i r a l  node) s t r u c t u r e .  I n  addi- 
t i o n ,  t h e  s e p a r a t i o n  l aye r  ( f r e e  shear  l a y e r )  is  i t s e l f  breaking down i n t o  
a series of s p i r a l  nodes separa ted  by saddle  po in t s  (not v i s i b l e ) .  T h i s  
is a two-scale problem i n  which t h e  two scales have d i f f e r e n t  phys ica l  
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o r i g i n s .  
t h e  Sheet and is  r e l a t i v e l y  insensi t ive t o  Reynolds number. 
nant  scale he re  involves  an  o v e r a l l  d iaens ion  of t h e  a i r f o i l .  The small 
v o r t i c e s  are due t o  a l o c a l  i n s t a b i l i t y  of t h e  f r e e  shea r  l a y e r .  The i r  
scale is  a func t ion  of the  shear- layer  t h i ckness ,  and is thus  s e n s i t i v e  
t o  t h e  Reynolds number. A s  a r e s u l t ,  t h e  l a r g e  s t r u c t u r e  tends  t o  
dominate t h e  flow, b u t  under c e r t a i n  cond i t ions  t h e  i n t e r a c t i o n  can be  
important.  Again, how much of t h i s  flow s t r u c t u r e  must be resolved 
in f luences  not  only t h e  ques t ion  of g r id  s i z e s  i n  f i n i t e - d i f f e r e n c e  com- 
pu ta t ions ,  b u t  the types  of approximation t h a t  might b e  imposed on t h e  
equat ions t o  s i m p l i f y  them wi thout  l o s ing  t h e  informat ion  t h a t  i s  
e s s e n t i a l .  
The la rge-sca le  vo r t ex  i s  a measure a f  t h e  t o t a l  v o r t i c i t y  i n  
The domi- 
Singular  pe r tu rba t ion  methods and t h e  method of i n n e r  and o u t e r  
expansions E391 can be used t o  t reat  some of t h e s e  two-scale problems. 
These approaches are p a r t i c u l a r l y  app l i cab le  t o  merged s ingular -poin t  
problems. However, t h e  problem involving i n t e r a c t i o n  of t h e  two scales, 
f o r  example of t h e  s p i r a l  nodes i n  Fig. 19, does not seem t o  be amenable 
t o  t h e s e  approaches nor  do t h e r e  appear t o  be o t h e r  methods a v a i l a b l e  
a t  present .  
The f o u r t h  and f i n a l  i s s u e  t o  be d iscussed  regarding scale i s  t h a t  
of t h e  mul t ip l e  scales inhe ren t  i n  turbulence.  I n  many cases of i n t e re s t  
t h e  mul t ip l e  scales that are present  s t rong ly  in f luence  t h e  mean proper- 
ties of t he  flow, bu t  t he  d e t a i l s  o f  a l l  t hese  scales are of r e l a t i v e l y  
minor i n t e r e s t .  For example, 
descr ibed  earlier,  b u t  now a t  
the  p l a t e  has  become chao t i c ,  
recons ider ing  the  f l a t - p l a t e  boundary l a y e r  
higher  Reynolds numbers where t h e  flow nea r  
w e  have many scales t h a t  have had a s t r o n g  
3 3  
i n f luence  on the  mean v e l o c i t y  p r o f i l e  i n  the l a y e r  and hence on the 
drag. 
i n t e g r a l  e f f e c t s  of t h e s e  scales without  having t o  d e a l  w i t h  a l l  of t h e  
d e t a i l s ?  The c lass ic  approach i s  by analogy t o  t h e  i n t e r a c t i o n s  of mole- 
cu le s  i n  a gas i n  which an equat ion  i s  developed f o r  t h e  t r a n s f e r  of 
momentum by means of a v iscous  term depending o n * t h e  mean p a t h  l eng th  
between molecular c o l l i s i o n s .  On this b a s i s ,  an analogous model f o r  
How do w e  develop a r a t i o n a l  approach t h a t  w i l l  account f o r  t he  
turbulence  w a s  developed by P r a n d t l  [40] i n  1925. The appropr i a t e  l e n g t h  
scales w e r e  understood t o  va ry  through t h e  l a y e r ,  because l a r g e  scales 
could not  exist near t h e  w a l l .  Empir ical  express ions  developed f o r  
mixing lengths  r e s u l t e d  i n  e x c e l l e n t  p red ic t ions  of mean p r o f i l e s  and 
drag 1411. However, t hese  empi r i ca l  express ions  d i d  not work w e l l  f o r  
o t h e r  flow s i t u a t i o n s ,  i n  p a r t  because the  concept contained an assump- 
t i o n  concerning t h e  d i s t r i b u t i o n  of scales under equi l ibr ium condi t ions  
which w a s  not u n i v e r s a l l y  t rue .  Thus far i t  has not  been found poss ib l e  
t o  r ep lace  the  informal  b a s i s  of  t h e  mixing-length idea  by more formal 
and r igorous  ex tens ions  , Extension by analogy t o  nonequilibrium chem- 
i s t r y  has  been proposed [ 4 2 ] ;  aga in  however, t h e r e  i s  no r igorous  b a s i s  
f o r  t h i s  approach.. Recent work i n  o the r  areas of research,  i n  p a r t i c u l a r  
phase t r a n s i t i o n s  in .  condensed phase matter, holds  cons iderable  promise 
of providing a b a s i s  f o r  the  development of r a t i o n a l  approaches t o  t h e  
f l u i d  dynamics problem. This is  the  i d e a  of  t h e  renormalized group 
t h a t  has been developed by Wilson and Kogut ( e .g . ,  [ 4 3 ] ) .  Feigenbaum 
et  al. [ 4 4 ] ,  i n  p a r t i c u l a r ,  have adapted renormalized group i d e a s  i n  a 
novel way t h a t  has c a l l e d  a t t e n t i o n  t o  t h e  ex i s t ence  of "period-doubling'' 
phenomena and s c a l i n g  l a w s  governed by "universa l  numbers. " These ideas  
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are c u r r e n t l y  under r ap id  development i n  several d i r e c t i o n s  [ 4 4 ,  451, and 
have the  p o t e n t i a l  o f  desc r ib ing  no t  on ly  a l t e r n a t i v e  r o u t e s  t o  turbu- 
l ence  b u t  f u l l y  developed turbulence  as w e l l .  
ments, i nc lud ing  their relevance t o  f l u i d  dynamics qi les t ions are con- 
t a i n e d  i n  [ 3 1 ] ,  [ 3 5 ] ,  and [ 4 6 ] .  
Reviews  of t h e s e  develop- 
3 .6  Aerodynamics wi th  Unsteady Boundary Conditions.  I n  a l l  of t h e  
material covered so f a r  i n  t h i s  s e c t i o n ,  t h e  body has been assumed t o  be  
e i t h e r  r i g i d l y  f i x e d  o r  s t a t i o n a r y  i n  some uniformly r o t a t i n g  coord ina te  
system; t h a t  i s ,  i t s  shape and o r i e n t a t i o n  have been assumed f ixed  rela- 
t ive t o  t h e  oncoming wind. A few comments are i n  order  f o r  bodies  t h a t  
are f r e e  o r  forced t o  move relative t o  t h e  wind. I f  t h i s  movement i s  
slow relative t o  t h e  t i m e  taken by a par t ic le  of f l u i d  t o  move from t h e  
t i p  t o  t h e  rear of  t h e  body, t h e  previous d i scuss ions  of s t r u c t u r e ,  
change, chaos, and scale w i l l  hold i n  general .  The r e s u l t i n g  flows will 
be t h e  same as those  f o r  t h e  s teady  cases, w i t h  t h e  except ion t h a t  they  
w i l l  be  s h i f t e d  s l i g h t l y  i n  phase r e l a t i v e  t o  t h e  motion. T h i s  phase 
s h i f t  can be expected t o  change slowly ( l i n e a r l y )  wi th  the  rates w i t h i n  
a given flow topology, bu t  may s h i f t  r ap id ly  when t h e  flow topology 
changes. I t  should be noted, however, t h a t  t h e r e  has  no t  been a g r e a t  
d e a l  of study relative t o  this l a t t e r  poin t .  For movement t h a t  occurs 
on t h e  s a m e  o r d e r  of t i m e  as flow over t h e  body, t h e r e  can be a very  
s t r o n g  in f luence  on t h e  flow. One e f f e c t  of such movement on the  flow 
i s  i l l u s t r a t e d  i n  Fig.  20. Here w e  show flow v i s u a l i z a t i o n  p i c t u r e s  
(by 
f o r  
t h e  
means of hydrogen bubbles [ 4 7 ] )  and l i f t  c o e f f i c i e n t  (Cb) d a t a  [ 4 8 ]  
an  o s c i l l a t i n g  a i r f o i l  i n  what i s  r e f e r r e d  t o  as dynamic s ta l l .  A t  
bottom of t h e  f i g u r e  are shown seve ra l  p l o t s  of C versus  a f o r  
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2, 
d i f f e r e n t  va lues  of k.= wc/2V where w i s  t h e  frequency, c i s  t h e  
chordg  and V t h e  free-stream v e l o c i t y .  T h i s  parameter r ep resen t s  t h e  
i n v e r s e  of t he  chord lengths  t r a v e l e d  p e r  cyc le ;  t h a t  is ,  f o r  k / r  = 0, l  
the a i r f o i l  i n  f r e e  f l i g h t  would travel forward 10 chord l eng ths  w h i l e  
undergoing one c y c l e  of o s c i l l a t o r y  motion. Under s ta t ic  (nonosc i l l a to ry )  
cond i t ions ,  t h e  flow remains a t t ached  t o  t h e  a i r f o i l  f o r  ang le s  of a t t a c k  
up t o  1 2 " ,  a t  which poin t  t h e  onse t  of flow sepa ra t ion  causes  the l i f t  
curve t o  break and f i n a l l y  t o  decrease  rap id ly .  Af t e r  s epa ra t ion ,  the 
flow tends t o  be pe r iod ic ;  t h a t  i s ,  the  evidence suggests  t h a t  a Hopf 
b i f u r c a t i o n  occurs  a t  a 2 12". When k is  small, w e  can hard ly  d e t e c t  
t h e  d i f f e r e n c e  i n  
o s c i l l a t o r y  case ,  as long as w e  are below a = 12". However, beyond 
u : 12",  t h e r e  are pronounced d i f f e r e n c e s  t h a t  increase d r a s t i c a l l y  as 
k becomes l a r g e r .  These d i f f e r e n c e s  also depend on whether t h e  ang le  
of a t t a c k  is inc reas ing  o r  decreas ing .  The e f f e c t  on t h e  flow i n  a water 
tunnel  i s  shown f o r  k = 0.25 i n  t h e  top p a r t  of Fig. 20. O n  t h e  l e f t ,  
a = 15" on t h e  p a r t  of the  cyc le  i n  which a i s  increas ing .  The flow 
is  genera l ly  a t t ached  o r  has a very t h i n  separa ted  l a y e r  w i t h  s t rong  
CL ( t h e r e  is a s l i g h t  change) between t h e  s t a t i c  and 
p e r i o d i c i t y  ev ident  i n  the  wake. On t h e  r i g h t ,  t h e  angle  of a t t a c k  i s  
t h e  same, but on t h e  p a r t  of t h e  cyc le  i n  which a is  decreasing.  Here 
w e  see a massive sepa ra t ion  occurr ing  i n  which t h e r e  i s  cons iderable  
v o r t i c a l  s t r u c t u r e  t h a t  i s  not  necessa r i ly  per iodic .  This class of 
flows i s  important f o r  h e l i c o p t e r s  and high-performance a i r c r a f t ,  bu t  i s  
poorly understood. The root of t h e  problem may re s ide  i n  t h e  f a c t  t h a t  
t h e  a i r f o i l  o s c i l l a t i o n  is modulating, i n  some h ighly  nonl inear  manner, 
t h e  pe r iod ic  flow r e s u l t i n g  from t h e  Hopf b i f u r c a t i o n  near  a = 12". 
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3 . 7  S m e r y  of Aerodynamic Behavior. The foregoing cons ide ra t ions  
would suggest a t  least s i x m a j o r  subdiv is ions  of the aerodynamic f o r c e s  
and moments. These are shown i n  Fig. 21. F igures  21a-21e d e a l  s t r i c t l y  
w i t h  fo rces  on bod ies  moving a t  cons tan t  v e l o c i t y  and o r i e n t a t i o n .  
type  of b i f u r c a t i o n  t h a t  can g ive  rise t o  these  c h a r a c t e r i s t i c s  is  noted.  
The rate-dependent f o r c e s  and moments a l s o  can be expected t o  change a t  
t h e s e  b i f u r c a t i o n s .  The s i x t h  subdiv is ion  (Fig.  21f) i s  one i n  which 
The 
t h e r e  are s t r o n g  rate-dependent e f f e c t s .  V e r y  l i t t l e  i s  known a t  present 
of t h i s  lat ter ca tegory .  S inceo  i n  genera l ,  aerodynamic f o r c e s  and 
moments are func t iona l s  of t h e  motion h i s t o r y ,  they  could p o t e n t i a l l y  
depend on v a r i a b l e s  o t h e r  than  merely o r i e n t a t i o n  (a) and rate (6). I n  
p r i n c i p l e ,  t h e  dependence could rest on a l l  of the h i s t o r y .  To under- 
s tand  these  i s s u e s  b e t t e r ,  a r a t i o n a l  framework f o r  c r e a t i n g  a mathemati- 
c a l  model of t h e  aerodynamic fo rces  and moments i s  requi red .  Aerodynamic 
modeling i s  taken up i n  t h e  companion paper t o  t h i s  one by Tobak et  a l .  
[ l ] .  Assuming t h a t  a method f o r  modeling is a v a i l a b l e ,  w e  now t u r n  t o  
t h e  fl ight-dynamic behavior  caused by some of t hese  nonl inear  aerodynamic 
f o r c e s  and moments. 
4 .  FLIGHT DYNAMIC BEHAVIOR. With a framework f o r  understanding 
t h e  aerodynamic flows and wi th  r a t i o n a l  mathematical  models f o r  the  aero- 
dynamic fo rces  and moments ( i n  p a r t )  i n  hand, o u r  l as t  s t e p  i s  t o  b r ing  
these  r e s u l t s  t oge the r  wi th  t h e  i n e r t i a l  c h a r a c t e r i s t i c s  of t h e  v e h i c l e  
and t o  i l l u s t r a t e  some of t h e  fl ight-dynamic behavior  t h a t  can r e s u l t .  
Here again w e  s h a l l  b e  using much of t he  language t h a t  w a s  used i n  Sec .  3 ,  
i n  p a r t i c u l a r  t h a t  a s soc ia t ed  wi th  the  topology of c r i t i c a l  po in t s ,  
b i f u r c a t i o n  theo ry ,  and s t r ange  a t t r a c t o r s ;  however, t h e r e  is  a d i f f e r e n c e  
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* - 
here  i n  how these  are t o  b e  viewed, 
w e  w e r e  dea l ing  w i t h  a c o n t i  
equat ions.  
s t r u c t u r e s .  I n  c o n t r a s t l  i n  t h e  d i scuss ion  t o  follow w e  d e a l  wi th  tra- 
j e c t o r i e s  of an i s o l a t e d  s o l i d  body. In t h e  main, the governing equa- 
t i o n s  are o rd ina ry  d i f f e r e n t i a l  equat ions ,  and t h e  s t r u c t u r e s  (cr i t ical  
po in t s )  are i n  t h e  phase space of  p o s i t i o n  and v e l o c i t y .  A t  any t i m e ,  
t h e  body occupies  only one p o i n t  i n  t h i s  space,  and hence t h e  phase p s r -  
trait desc r ibes  all t h e  poss ib l e  states. 
behavior  has only  r e c e n t l y  been approached from t h e  b i f u r c a t i o n  theory  
s t andpo in t  ( s ee  e .g . ,  [ 4 9 ,  S O ]  and the  paper by Hui and Tobak [Sl] i n  
t h i s  c o l l e c t i o n ) .  
I n  d i scuss ing  t h e  aerodynamic f lows,  
and hence w i t h  p a r t i a l  d i f f e r e n t i a l  
The topo log ica l  s t r u c t u r e s  d iscussed  were "real" phys ica l  
The s tudy  of f l i g h t  dynamic 
The f u l l  d e s c r i p t i o n  of t h e  motion of a r i g i d  body r e q u i r e s  s ix  
degrees  of freedom and hence can be very  complex; i l l u s t r a t i o n s  of t h i s  
o r d e r  of complexity would not  provide much i n s i g h t .  Therefore ,  w i th  
some except ions t o  be noted,  t h i s  s e c t i o n  w i l l  be  confined t o  t h e  d is -  
cuss ion  of i n e r t i a l  systems having a s i n g l e  degree of freedom. The 
motions t o  he  considered a l l  w i l l  involve angular  rates of change, which 
makes i t  convenient t o  def ine  t h e  re levant  angular  coord ina te  geometri- 
c a l l y  r a t h e r  than  k inemat ica l ly  as w a s  done earlier.  To mark t h e  d i s -  
t i n c t i o n ,  w e  des igna te  t h e  ang le  of a t t a c k  by u i n  place of a. 
Figure 22 lists t h e  equat ions f o r  a single-degree-of -freedom o s c i l l a t o r y  
system f o r  f i v e  d i f f e r e n t  levels of modeled aerodynamic con t r ibu t ions .  
In  each case t h e  aerodynamic mathematical model i s  underl ined.  I n  t h e  
last  two cases, t h e  aerodynamic con t r ibu t ions  are l e f t  undetermded 
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"because camplete r a t i o n a l  models have not y e t  been developed, Some of 
t h e  fl ight-dynamic c h a r a c t e r i s t i c s  are a l s o  l i s t e d  
The single-degree-of-freedom system w i t h  aerodynamics l i n e a r  i n  bo th  
CJ and 6 y i e l d s  r e l a t i v e l y  s imple f l i g h t  dynamic c h a r a c t e r i s t i c s ,  There 
is a s i n g l e  c r i t i ca l  p o i n t  a t  = 0. I f  B i s  negat ive ,  t h e  system is  
c a l l e d  s t a t i c a l l y  uns t ab le ,  and t h e  c r i t i ca l  poin t  can be e i t h e r  a 
saddle  po in t  o r  a node depending on t h e  va lue  of A. I n  t h e  p a s t ,  air- 
/ 
c r a f t  designs having negat ive  v a l u e s  of B w e r e  avoided a t  a l l  cos t .  
Recent advances i n  c o n t r o l  system hardware, coupled wi th  s i g n i f i c a n t  
p o t e n t i a l  i n c r e a s e s  i n  a i r c r a f t  performance, have led  t o  cons ide ra t ion  of 
a i r c r a f t  having nega t ive  s t a t i c  s t a b i l i t y  (B < 0 ) .  When B i s  p o s i t i v e ,  
t h e  system i s  s t a t i c a l l y  s t a b l e ,  and t h e  c r i t i ca l  point  i s  always a node. 
Depending on t h e  va lue  o f  A ,  t h e  c r i t i c a l  po in t  can be a r egu la r  o r  
s p i r a l  node, o r ,  i n  t h e  s p e c i a l  case of A = 0 ,  i t  can be  a c e n t e r .  The 
system i s  s a i d  t o  be dynamically s t a b l e  i f  A > 0 ,  dynamically uns t ab le  
i f  A < 0. The phase p o r t r a i t  f o r  a s t a t i c a l l y  and dynamically s t a b l e  
system is shown i n  t h e  upper l e f t  o f  Fig. 23 .  This l i n e a r  system is 
normally a s soc ia t ed  wi th  low ang les  of  a t t a c k  uCT. A t  h ighe r  angles  of 
a t t a c k  the  aerodynamic con t r ibu t ions  A and B become non l inea r  i n  u 
bu t ,  f o r  slowly va ry ing  motions, t h e  aerodynamic damping term cont inues 
t o  b e  l i n e a r  i n  6. This is the  case to  which w e  now turn.  
The most gene ra l  non l inea r ,  single-degree-of-freedom case  i s  gov- 
erned by t h e  Lienard equat ion and, depending on t h e  na tu re  of t h e  non- 
l i n e a r i t y ,  can have a s i n g l e  o r  m u l t i p l e  c r i t i c a l  po in ts .  I t  can a l s o  
have l i m i t  cyc l e s  which r e s u l t  from Hopf b i f u r c a t i o n  from a s t a b l e  
c r i t i c a l  point  as w e l l  a s  super- and s u b c r i t i c a l  b i f u r c a t i o n s ,  Two cases  
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are  i l l u s t r a t e d  i n  Fig.. 23.  I n  t h e  upper r i g h t  i s  t h e  case f o r  a non- 
l i n e a r  B ( a )  which has only one s t a b l e  c r i t i ca l  po in t  ( i e e e 3  B ( o )  > 0 
f o r  1 0 1  > 0 ) .  B u t  t h e  va lues  of A ( a )  are such t h a t  near  t h e  c r i t i c a l  
poin t  (a = 0) t h e  s o l u t i o n  i s  dynamically u n s t a b l e  (A(cr) 0; 1 0 1  > 0) ;  
that i s ,  t r a j e c t o r i e s  from t h e  o r i g i n  w i l l  s p i r a l  outward. On t h e  
o t h e r  hand, f a r  from t h e  c r i t i c a l  po in t  t he  va lue  of A ( o )  is  such t h a t  
t h e  s o l u t i o n  is dynamically s t a b l e  (A(a )  > 0; [ a ]  > 0 )  and t r a j e c t o r i e s  
s p i r a l  inward a Dividing inward- and outward-directed s p i r a l s  is a closed 
path i n  t h e  (a,;) plane  t o  which a l l  t r a j e c t o r i e s  are a t t r a c t e d .  Hence, 
l imit-cycle  motion occurs  f o r  a l l  t r a j e c t o r i e s .  The second case is 
i l l u s t r a t e d  on t h e  lower l e f t  of Fig. 23.  Sere A ( a )  = 0 ,  and w e  have 
only nonl inear  B ( a )  which i n  t h i s  case can be w r i t t e n  as 
where Bo < 0 and B, > 0. Hence, t h e  system i s  s t a t i c a l l y  uns t ab le  f o r  
s m a l l  va lues  of u b u t  becomes s t a t i c a l l y  s t a b l e  f o r  l a r g e r  va lues  of 
2 B ( o )  = Bo + B,a 
u .  The t h r e e  c r i t i ca l  poin ts  are  u = 0 (uns t ab le ) ,  and a = +(-Bo/B1) 1 / 2  
( s t a b l e ) .  Since t h e r e  i s  no damping, a l l  t r a j e c t o r i e s  are closed.  There 
i s  a s e p a r a t r i x  t h a t  d iv ides  t r a j e c t o r i e s  t h a t  a r e  c losed about the  
o r i g i n  ( l a rge  amplitude) from those  about t h e  c r i t i c a l  p o i n t s  
o = ?(-Bo/B,)1/2. 
i s  l a r g e .  I n  t h e  lower r i g h t  of Fig. 2 3  w e  have i l l u s t r a t e d  one possi-  
b i l i t y  when nonl inear  damping i s  added t o  t h e  nonl inear  s t a t i c  case  j u s t  
descr ibed.  Here t h e  system is  undamped near  t h e  s tab le  nodes 
[a = ?(-Bo/Bl)1/2] b u t  damped f a r  from these  nodes. 
l i m i t  cyc le  can develop around each of t h e  two nodes, and a l s o  a l i m i t  
cyc le  can occur t h a t  encloses  a l l  t h r e e  nodes, a s  shown by t h e  o u t e r  
l i m i t  cyc le  i n  Fig.  2 3 .  A s  w e  have seen i n  Sec .  3 ,  the  aerodynamics can 
! 4 0  
I f  A(a)  i s  nonzero the  v a r i e t y  of p o s s i b l e  motions 
Hence, a s t a b l e  
change wi th  va r ious  parameters i n  t h e  systemp and hence w e  can expect 
changes o r  b i f u r c a t i o n s  i n  t h e  fl ight-dynamic behavior  t h a t  are d r i v e n  
by nonl inear  aerodynamics r e s u l t i n g  from a t  most a s u p e r c r i t i c a l  b i fu rca -  
t i o n  i n  the  f l u i d  flow. 
b i f u r c a t i o n  structure can be  found i n  [52]. 
A complete d e s c r i p t i o n  of t h i s  equat ion and its 
The t h i r d  case of i n t e r e s t  is one w i t h  aerodynamic hys t e re s i s .  This 
is represented  i n  equat ion form w i t h  the  i n c l u s i o n  of a swi tch  term (h) 
i n  A and B t o  i n d i c a t e  which branch i s  ope ra t ive .  Here aga in  the  types  
of behavior are many wi th  t h e  p o s s i b i l i t y  of bounded ape r iod ic  ( s t r a n g e  
a t t r a c t o r )  s o l u t i o n s .  The example t o  be considered he re  i s  one w i t h  two 
degrees  of freedom; i t  i s  specu la t ive  i n  t h e  sense t h a t  a f u l l  s imu la t ion  
of what is  t o  b e  descr ibed has  not  been performed, bu t  t h e  i d e a s  s e e m  t o  
be  c o n s i s t e n t .  
wing wi th  asymmetric vo r t ex  breakdown descr ibed  i n  Sec. 3 . 3 ,  and t h e  
s t r a n g e - a t t r a c t o r  behavior descr ibed  by Diener and Poston [ 5 3 ] .  The 
example is  i l l u s t r a t e d  i n  Fig.  24.  The bivalued r o l l i n g  moment ( C k )  
v a r i a t i o n  wi th  ang le  of a t t a c k  (a) (with the  s u b c r i t i c a l  b i f u r c a t i o n  
omit ted)  i s  shown i n  the upper r i g h t .  A t  an angle  of a t t a c k  o1 w e  
have a rolling-moment curve 
l e f t .  I t  i s  requi red  t h a t  an aerodynamic c o n t r o l  s u r f a c e  produce a t r i m  
r o l l i n g  moment as shown; t h a t  i s ,  the re  i s  a s t a b l e  trim ( s t a b l e  c r i t i c a l  
po in t )  a t  J1,. 
l i n e a r  such as t o  produce a l i m i t  cycle about 
t h e  l i m i t  cyc l e  were s m a l l  t h e  motion would always s t a y  on t h e  upper 
branch of t h e  h y s t e r e s i s  curve.  However, i f  t h e  amplitude were l a r g e  
enough t o  p a s s  t he  break po in t  i n  the  curve t h e  motion would t r a v e r s e  
The case i s  pa t te rned  a f t e r  t h e  aerodynamics of t h e  d e l t a  
C k  versus  r o l l  angle  (I)), as shown on t h e  
Now t h e  damping (rate-dependent) term is  taken as non- 
Q1. I f  t h e  amplitude of 
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both curves ,  A t  t h i s  po in t  t h e  motion would be  a t  least p e r i o d i c  (a 
l i m i t  cyc le )  o r  p o s s i b l y  that a s soc ia t ed  w i t h  the  existence of a s t r a n g e  
a t t r a c t o r ,  Motion corresponding t o  presence of a s t r a n g e  a t t r a c t o r  i s  
much more ap t  t o  occur i f  the  body i s  a l s o  aliowed t o  o s c i l l a t e  f r e e l y  
about 
only one s t a b l e  p o i n t  ( s t a b l e  c r i t i ca l  poin t )  a t  
damping i s  such that a l i m i t  cyc l e  i n  a can occur  about a l e  Combining 
t h e s e  two motions,  assuming t h a t  i n e r t i a l  coupl ing between t h e  modes i s  
r e l a t i v e l y  s m a l l ,  w e  a r r i v e  a t  t h e  motions shown on the  lower p a r t  of 
Fig. 24.  Here a CR su r face  ve r sus  a and J, is shown. It  has a fo ld  
owing t o  t h e  h y s t e r e s i s  ( i . e . ,  a cusp ca t a s t rophe ) .  The trim poin t  
( G ~ , $ ~ )  is on t h e  upper shee t .  
exceed t h e  d i s t a n c e  t o  the  f o l d ,  a l l  t r a j e c t o r i e s  i n s i d e  t h e  l i m i t  cyc le  
converge t o  i t .  Those ou t s ide  e i t h e r  converge t o  it o r  some of those 
t h a t  s ta r t  out o r  g e t  t o  the  lower su r face  can be  i n j e c t e d  back i n t o  t h e  
upper shee t  i n s i d e  t h e  l i m i t  cyc l e  and hence converge from i n s i d e .  This  
a1 where t h e  s t a t i c  pitching-moment curve i s  such t h a t  t h e r e  is 
a l S  and t h e  pi tch-  
When t h e  l imi t -cyc le  amplitude does not  
1 
i s  t h e  case  on t h e  lower l e f t .  Now, i f  t h e  l i m i t  cyc le  amplitude is  
l a r g e  enough t o  c r o s s  t h e  fo ld ,  t r a j e c t o r i e s  i n s i d e  the  l i m i t  cyc l e  s p i r a l  
out  t o  f a l l  o f f  t h e  upper shee t  on to  the  lower s h e e t  only t o  be r e i n j e c t e d  
back i n t o  t h e  l i m i t  cyc le  on the  upper s h e e t .  T h i s ,  i t  is be l ieved ,  w i l l  
lead t o  behavior corresponding t o  presence of a s t r ange  a t t r a c t o r .  The 
motion is d e f i n i t e l y  bounded. Whether i t  i s  ape r iod ic  needs t o  be checked. 
The one-degree-of-freedom cases wi th  pe r iod ic  o r  bounded ape r iod ic  
aerodynamic f o r c e s  noted i n  Fig. 22 are very poorly understood. It is  
known t h a t  they are assoc ia ted  wi th  dynamic s t a l l ,  " lock i n "  (a resonant  
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c o n d i t i o n ) ,  and b u f f e t i n g ,  Much remains t o  b e  done h e r e ,  b u t  f i r s t  
reasonable  mathematical  models f o r  t h e  f o r c e s  and moments are requi red ,  
F l i g h t  systems w i t h  h ighe r  degrees  of freedom and w i t h  aerodynamics 
t h a t  are non l inea r  are beginning t o  be  a t t acked  from t h e  s tandpoin t  of 
b i f u r c a t i o n  theory  (e .g . ,  [ 4 9 ] ) .  Here aga in  much work needs t o  be done. 
5. CONCLUDING REMARKS-. This paper a long wi th  i ts  companion paper 
a t  t h i s  conference,  Mathematical Modeling of t h e  Aerodynamic Character- 
i s t i c s  i n  F l i g h t  Dynamics [ l ] ,  is  an a t tempt  t o  provide a c o n s i s t e n t  
formulat ion and t h e o r e t i c a l  method f o r  s tudying non l inea r  problems i n  
f l i g h t  dynamics. A d e s c r i p t i o n  of a flight-dynamic system w a s  p resented  
i n  terms of its two major components, namely, t h e  aerodynamic and ine r -  
t i a l  systems, and t h e  coupl ing between them. Two important po in t s  fo l luw 
from t h i s  d e s c r i p t i o n .  F i r s t ,  because t h e  aerodynamic system is  governed 
by a set of nonl inear  p a r t i a l  d i f f e r e n t i a l  equat ions , t h e  aerodynamic 
system rep resen t s  a major source  of n o n l i n e a r i t i e s  i n  t h e  fl ight-dynamic 
system. Second, t h e  nonl inear  aerodynamic f o r c e s  and moments, which are 
t h e  coupl ing from t h e  aerodynamic system t o  t h e  i n e r t i a l  system, i n  pr in-  
c i p l e  depend on t h e  e n t i r e  f l i g h t  h i s t o r y  and hence appear as f u n c t i o n a l s  
i n  t h e  i n e r t i a l  system, 
The aerodynamic system w a s  examined i n  cons iderable  d e t a i l  and a 
framework t o  f a c i l i t a r e  i t s  s tudy  w a s  proposed. The framework i s  composed 
of an observa t iona l  and a mathematical  component. A s tudy  of observa t ions  
of f l u i d  flows led  t o  four  important  elements f o r  the  obse rva t iona l  com- 
ponent. F i r s t ,  t h e  flow pat terns ,  although i n  many cases  very complex, 
have d e f i n i t e  s t r u c t u r e  ( e .g . ,  three-dimensional v o r t i c a l  s t r u c t u r e s ) .  
Second, t hese  s t r u c t u r e s  undergo sys temat ic  changes wi th  v a r i a t i o n s  i n  
/ 
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parameters such as angle  of a t t a c k  o r  Reynolds number. Thi rd ,  under 
some condi t ions  t h e s e  changes lead  t o  chaos (e .  g. tu rbulence)  e Although 
i n  r e a l i t y  a proper ty  of s t r u c t u r e ,  because of i t s  s p e c i a l  importance i n  
aerodynamics and i t s  apparent  incomprehens ib i l i ty ,  chaos is t r e a t e d  as 
a separate element. Fourth,  t h e  s t r u c t u r e s  have d e f i n i t e  s p a t i a l  o r  
temporal scales. 
The mathematical  component t h a t  was proposed t o  d e a l  w i t h  the  fou r  
elements of t h e  obse rva t iona l  component emphasizes topo log ica l  concepts 
t h a t  have cons iderable  d e s c r i p t i v e  power, as w e l l  as the  necessary  depth  
t o  handle the  e s s e n t i a l  n o n l i n e a r i t y  of t h e  problem. The mathematical  
p re sen ta t ion  w a s  intended t o  be d e s c r i p t i v e ,  r a t h e r  than r igorous ,  t o  
h igh l igh t  p o t e n t i a l  d i r e c t i o n s  f o r  f u t u r e  research .  S t r u c t u r e s  of f l u i d  
flows w e r e  descr ibed  by means of t h e  topology of i s o l a t e d  c r i t i c a l  po in t s .  
Changes i n  t h e  s t r u c t u r e s  were examined i n  t h e  l i g h t  of b i f u r c a t i o n  
theory  a t  two levels: one r e l a t e d  t o  the c l a s s i c  study of s t a b i l i t y  of 
fluid-dynamic systems and the o t h e r  t o  the  s t r u c t u r a l  s t a b i l i t y  of t i m e -  
i n v a r i a n t  s t r u c t u r e s .  Chaos w a s  examined i n  t h e  l i g h t  of  r ecen t  s t u d i e s  
of nonl inear  dynamical systems, The i d e a  he re  w a s  t o  relate t h e  occur- 
rence of turbulence i n  fluid-dynamic systems t o  the  chao t i c  behavior of 
d e t e r m i n i s t i c  dynamical systems t h a t  has been c h a r a i t e r i z e d  by the  
ex i s t ence  of s t r a n g e  a t t r a c t o r s  having f r a c t a l  dimensionalf ty .  The 
s c a l e s  of s t r u c t u r e s  were considered i n  the  l i g h t  of some i d e a s  from 
group theory,  beginning wi th  c l a s s i c  dimensional a n a l y s i s  and touching 
on recent  work i n  renormalized group theory.  
F ina l ly ,  a b r i e f  s tudy  w a s  presented of some of t he  forms of f l i g h t -  
dynamic behavior t h a t  can r e s u l t  from the  p a r t i c u l a r  nonl inear  aerodynamic 
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p r o p e r t i e s  t h a t  were h igh l igh ted ,  The aerodynamic c o n t r i b u t i o n s  t o  t h e  
i n e r t i a l  equa t ions  of motion had t o  be  mathematical ly  modeled i n  accox- 
dsnce wi th  i d e a s  summarized i n  t h e  above-mentioned companion paper t o  
t h i s  one. 
f l ight-dynamic behavior.  
Three po in t s  can be  made concerning t h i s  b r i e f  s tudy  of 
F i r s t ,  i n  even a simple system having only one 
o r  two degrees  of  freedom, inc reas ing  complexity of t he  aerodynamic 
con t r ibu t ion  causes  flight-dynamic behavior t o  range from that corre-  
sponding t o  t h e  presence of a f ixed-point  a t t r a c t o r  t o  t h e  chao t i c  motion 
corresponding t o  t h e  presence of a s t r ange  a t t r a c t o r .  Second, t h e  
mathematical  i d e a s  t h a t  have proved use fu l  i n  desc r ib ing  f l u i d  flaws are 
found s i m i l a r l y  u s e f u l  i n  desc r ib ing  fl ight-dynamic behavior .  Thi rd ,  
even a r e l a t i v e l y  simple mathematical model of t h e  aerodynamic contr ibu-  
t i o n  t o  the  i n e r t i a l  equat ions of motion can lead  t o  flight-dynamic 
behavior  t h a t  i s  s u f f i c i e n t l y  complex t o  exceed the  range of v a l i d i t y  of 
t h e  aerodynamic model t h a t  w a s  assumed. This emphasizes t h e  importance 
of understanding t h e  s t rong  interdependence t h a t  exists between the  level 
of our knowledge of nonl inear  aerodynamic phenomena, our means of 
mathematically modeling them, and the  range of nonl inear  fl ight-dynamic 
behavior  t h a t  r e s u l t s .  
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